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Abstract. The concept of grouping index has been recently introduced as a com-
parison index G of two fuzzy subsets A and B that provides a measure of the
proximity of the fuzzy union of A and B to the referential set U, in such a way
that “the higher G(A, B) is, the closer to U A U B is.” Grouping indices can be
seen as the dual notion of overlap indices, and both can be constructed by ag-
gregation of grouping and overlap functions, respectively. However, grouping in-
dices are bivariate functions, limiting their application to the comparison of two
fuzzy sets at a time. Inspired by the recent development of n-dimensional and
general overlap indices, in this work we expand the concept of grouping indices
to the n-dimensional context, introducing n-dimensional grouping indices, and
also generalize this new concept by allowing a less restrictive definition, which
bring us the concept of general grouping indices. We pay special attention to the
development of construction methods for these new generalized grouping indices.
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1 Introduction

Overlap indices are functions that can act as a measure of the fuzzy intersection between
two fuzzy sets. Recently, new definitions of overlap indices have been introduced: one
in which allow them to measure the overlap between n fuzzy sets, called n-dimensional
overlap indices, and another generalizes both previous concepts by allowing less re-
strictive conditions, called general overlap indices [1].

Although overlap indices have been studied for many years, only recently the dual
notion of them has been introduced, called grouping indices [4]. As expected, grouping
indices can act as measure of the fuzzy union between two fuzzy sets. One key aspect
of both overlap and grouping indices is that they can be constructed by an aggregation
of overlap and grouping functions, respectively. In the same manner, general overlap
indices can also be constructed by an aggregation of general overlap functions [1].

However, the development of grouping indices is still in its early stages, as they
were only defined as bivariate functions, limiting their application to the comparison
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of two fuzzy sets at a time. So, inspired in the development of generalized overlap in-
dices, the objective of this work is to expand the concept of grouping indices to the
n-dimensional context, introducing n-dimensional grouping indices, and also to gener-
alize this new concept by allowing a less restrictive definition, introducing the concept
of general grouping indices. We are going to pay special attention to the development
of construction methods for these generalized grouping indices.

2 Preliminary concepts

A function N : [0,1] — [0, 1] is a fuzzy negation [6] if the following conditions hold:
(N1) N(0) = 1 and N(1) = 0; (N2) If z < y then N (y) < N(x), forall z,y € [0,1].
If N also satisfies (N3) N(N(z)) = x, for all z € [0, 1], then it is said to be a strong
fuzzy negation. An aggregation function [2] is any function A : [0,1]™ — [0, 1] such
that: (A1) A is increasing; (A2) A(0,...,0) =0and A(1,...,1) =1.

A function On : [0, 1]™ — [0, 1] is said to be an n-dimensional overlap function [5]
if, for all x € [0, 1]™: (On1) On is commutative; (On2) On(x) = 0 < [[/—, z; = 0;
(0On3) On(x) =1 <[], z; = 1; (Ond) On is increasing; (On5) On is continuous.

A function GO : [0,1]" — [0,1] is said to be a general overlap function [3] if
respects, for all x € [0, 1], conditions (On1), (On4), (On5) and: (GO2) If [}, ; =
0 then GO(x) = 0; (GO3) If [ [, z; = 1 then GO(x) = 1.

A function Gn : [0,1]™ — [0, 1] is said to be an n-dimensional grouping function
[5] if, for all x € [0,1]™: (Gnl) Gn is symmetric; (Gn2) Gn(x) = 0 < z; = 0 for
alli € {1,...,n}; (Gn3) Gn(x) = 1 & there exists ¢ € {1,...,n} such that x; = 1;
(Gn4) Gn is increasing; (GnS5) Gn is continuous.

A function GG : [0,1]™ — [0, 1] is said to be a general grouping function [7] if,
for all x € [0, 1]™, conditions hold: (Gn1), (Gn4), (Gn5) and: (GG2) If x; = 0 for all
i€ {1,...,n}, then GG(x) = 0; (GG3) If there exists ¢ € {1,...,n} suchthatz; =1
then GG(x) = 1.

One can construct general grouping functions as truncated versions of n-dimensional
grouping functions, as follows:

Proposition 1. [3] Take o, B,¢,6 € [0,1], such thata+e¢ < 8 —0 < 1, and let Gn :
[0,1]2 — [0, 1] be an n-dimensional grouping function. Then, the function GTGanB :
[0,1] — [0, 1], defined, for all x € [0,1]", by

0, if Gn(x) < «

et (Gn(x) — ), ifa<Gn(x)<a+te
GTGanSﬂ(x) =< Gn(x), fate<Gn(x)<B-4§ (1)

B =8+ = (Gn(x) — (8-9)), i -0 < Gn(x) <

L, if Gn(x) > B,

is a general grouping function.
We denote by F'S(U) the space of all fuzzy sets defined over U = {uy, ..., Umn}-

Definition 1. A mapping On: FS(U)™ — [0, 1] is said to be an overlap index (OvI) if
it satisfies, for all Ay, ..., Ay, B € FS(U): (Onl) On(Ay,...,Ay,) = 0if and only
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if, forallu € U, [[;—, A;(u) = 0; (On2) On is commutative; (On3) If Ay < B, then
On(Ay,As, ..., A,) < On(B, Aa,. .., Ay,). For an n-dimensional OvI to be called
normal, it also has to satisfy the following condition: (On4) If there exists u € U such
that T]]_, A; = 1, then On(Aq,..., A,) = 1.

Definition 2. A mapping GO: FS(U)" — [0,1] is said to be a general overlap in-
dex (GOVI) if it satisfies, for all Ay,...,A,,B € FSU): (GO1) If, for all u €
U Il A = 0, then GO(Ay, ..., A,) = 0; (GO2) GO is commutative; (GO3) If
Ay < B, then GO(A1,As, ..., Ay) < GO(B, As, ..., A,). For an n-dimensional
OvI to be called normal, it also has to satisfy the following condition: (GOA4) If there
exists uw € U such that [[;_, A; = 1, then GO(Ay, ..., A,) = L

Definition 3. A mapping G: FS(U)?> — [0,1] is a grouping index (Grl) if, for all
Al,AQ,Ag € FS(U) (gl) Q(Al,AQ) =1 lfand Ol’lly iﬁfor allu € U, Al(u) =1
or AQ(U) = ].,' (g2) IfA2 S A3 then Q(Al,Ag) S g(Al,Ag),' (Q3) Q(Al,Ag) =
G(Aa, A1). For a Grl to be called anti-normal, it also has to satisfy the following con-
dition: (G4) If there exists u € U such that A;(u) = As(u) = 0, then G(A1, A2) = 0.

3 General grouping indices

Our first goal is to expand the concept of grouping indices to the n-dimensional context,
as functions that measure the “fuzzy union” between n fuzzy sets:

Definition 4. A mapping Gn : FS(U)"™ — [0, 1] is said to be an n-dimensional group-
ing index if it satisfies, for all Ay, ..., A,,B € FS(U): (Gnl) Gn(A;,...,A,) =1
if and only if, for all u € U, A;(u) = 1 for some i € {1,...,n}; (Gn2) Gn is com-
mutative; (Gn3) If Ay < B, then Gn(A1, As, ..., Ay) < Gn(B, As, ..., A,). Foran
n-dimensional Grl to be called anti-normal, it also has to satisfy the following con-
dition: (OnA4) If there exists uw € U such that A1(u) = ... = Ap(u) = 0, then
gn(Al, NN 7An) =0.

It is immediate that an 2-dimensional Grl is just a Grl, as in Def. 3. Most properties
and construction methods for n-dimensional Grls follow naturally from the ones in [4]
for Grls. So now, let us generalize n-dimensional Grls by loosening condition (Gn1):

Definition 5. A mapping GG : FS(U)"™ — [0, 1] is said to be a general grouping index
(GGrl) if it satisfies, for all Ay, ..., A,, B € FS(U), conditions (Gn2), (Gn3) and:
(GGL) If, forallu € U, A;(u) = 1 forsomei € {1,...,n}, then Gn(Ay, ..., A,) =1;
For a GGl to be called normal, it also has to satisfy condition (Gn4).

It is immediate that any n-dimensional grouping index is also a GGrI, but the con-
verse does not hold. Now, we present some construction methods of GGrl:
Theorem 1. Consider an aggregation function M : [0,1]™ — [0, 1] with the con-
dition “(M1): M(x1,...,zy) = 1 & 1 = ... = x, = 17 and an m-uple
of general grouping functions GG1,...,GG,, : [0,1]" — [0,1]. Then, the function
GGG GG (U — [0,1), given, forall Ay, ..., A, € FS(U), by

GGG GCm (A A =M (GG (A1 (w1), ..., An(u1)), . . ., GG A1 (Um), - - -, An(um))),

is a general grouping index.
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Thus, one can obtain general grouping indices based on choices of an aggregation
M that respects (M1) (such as n-dimensional overlap functions) and general grouping
functions GG, ..., GG,,, which, in turn, can be constructed via an n-dimensional
grouping function Gng,...,Gn,, via Prop. 1. This allows the construction of very
flexible general grouping indices, which can be adapted according to the application.

Theorem 2. Consider an aggregation function M : [0,1]™ — [0, 1] with the condi-
tion “(M2): M (x1,...,2Zm) =1 = max{z1,...,2m} = 1" and an m-uple of general
grouping indices GG1,...,GG,, : FS(U)™ — [0, 1. Then, the function ggjgwgl“"’ggm :
FS(U)™ — [0,1], given, forall A,..., A, € FS(U), by

ggg/lghm’ggm (Ala ceey An) = M(ggl(A17 e 7An)7 tet ggm(A17 e ,An)),
is a general grouping index.

Thus, the composition of general grouping indices by an n-dimensional grouping
function results in a GGrl, since such functions respect (M2). Next, we construct a GGrl
by duality from a GOVI:

Theorem 3. Let GO: FS(U)? — [0,1] be a GOvI and N : [0,1] — [0,1] be a strong
fuzzy negation. Then, the fuzzy set function GGS° : FS(U)? — [0,1], defined, for all
A,B € FS(U), by GGS° (A, B) = N(GO(N(A), N(B))) is a GGrl, called the N-
dual of GO.

4 Conclusion

In this work, we present some generalizations on the concept of grouping indices, first
by considering the measure of fuzzy union between n fuzzy sets and then by relaxing
the condition in which the index may return the value one. We focused our attention on
different construction methods for these generalizes grouping indices, by composition
of general overlap/grouping functions or by duality with general overlap indices.
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