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Abstract. Knowledge graphs are recognized as a valuable format for
representing data and information. Their ability to represent semantics
using different types of relations between the concepts and denoting infor-
mation at different levels of abstraction creates a demand for algorithms
taking advantage of such data format.
In this paper, we propose a method for determining the similarity be-
tween concepts in weighted knowledge graphs. The method uses a hi-
erarchical approach to determine the degree of similarity at different
levels of ’distance’ from the considered graph concepts. The proposed
technique employs the T-norm and OWA operator. Similarities between
concepts account for edge weights, while OWA aggregates similarities
between nodes at different levels of distance from the compared nodes.
The method is explained, and its merits are discussed.

Keywords: weighed knowledge graphs · similarity · T-norm · OWA
operator

1 Introduction

Understanding and leveraging the complex relationships between concepts is
crucial in data semantics. Graphs enable a semantically rich representation of
entities and their interconnections and prompt innovative approaches to com-
pare concepts. The graph-based representation of data with concepts as nodes
connected by edges denoting relationships (Section 4) offers a framework suit-
able for addressing concept-related topics. By viewing concepts as nodes, their
characteristics, and features are perceived through the edges (relations) that link
them to other nodes, Fig. 1. Such a perspective suggests that the similarity be-
tween concepts can be determined by examining the nature and context of node
relationships.

Motivated by the potential of graph-based representation, this paper intro-
duces a novel approach to utilizing data semantics to ascertain concept simi-
larity within weighted knowledge graphs. Our methodology differs from tradi-
tional similarity measures by adopting a feature-based strategy that accounts
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for multi-level descriptions of concepts articulated by direct or indirect links be-
tween nodes, Fig. 2. Our approach considers the comparison of concepts in a
hierarchical, multi-level manner. Central to our method is applying the Ordered
Weighted Averaging (OWA) operator for aggregation similarities determined
at different levels of concept descriptions and T-norms as the core aggregation
mechanism that includes weights. These tools allow us to integrate diverse fea-
tures and relationships and capture explicit and implicit attributes describing
concepts.

The paper addresses the task of determining concept similarity in weighted
knowledge graphs through a feature-based approach. The contributions are two-
fold. First, we present a comprehensive process for determining the similarity
between concepts defined in a weighted knowledge graph. Second, we propose a
methodological framework that leverages the OWA operator to aggregate sim-
ilarities determined based on indirect features of concepts. The process accom-
modates the multi-layered nature of concept descriptions, i.e., takes into consid-
eration direct and indirect links between nodes. That aspect of our approach is
particularly significant, as it enables a more realistic evaluation of concept simi-
larity, moving beyond surface-level comparisons, performed based on the direct
links only, to uncover deeper semantic connections.
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Fig. 1: Graph node = concept definition

2 Related Work

The knowledge graph is a type of graph structure that can store information as
nodes and edges, normally the nodes represent entities and the edges represent
the relationships between them. The knowledge graph became popular due to its
better performance when handling massive amounts of data. Since the develop-
ment of the Semantic Web, knowledge graphs are often associated with Linked
Open Data (LOD) projects, focusing on the connections between concepts and
entities [1][2]. Notably, the incorporation of fuzzy sets into weighted knowledge
graphs enhances the description of relationships between nodes.
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Various methods have been developed to understand the similarity of nodes
in the graphs. The Jaccard index [3] stands as a cornerstone for calculating
similarities between nodes or sets by capturing shared characteristics. Building
on this, adaptations like those by Ravasz et al. [4], which select the smallest sets
for comparison, and cosine similarity proposed by Salton [5] has been widely
used in citation networks. These methods mainly focus on neighbor nodes and
use shared common nodes as the primary criterion for similarity.

To broaden the analysis beyond immediate connections, Symeonidis et al. [6]
introduced measures for transitive node similarity, considering indirect connec-
tions as well. Around the same time, Tiakas et al. [7] also presented work on
employing transitive node similarity to graph node clustering. These studies
demonstrate the utility of transitive similarity in tasks such as link prediction
and clustering.

However, the discussion around how determining similarities extends to in-
directly connected nodes is notably limited. These nodes may share significant
commonalities, which should also contribute to the overall similarity. Further-
more, some basic similarity measures may not be suitable for weighted graphs
as well. At the same time, these methods are not currently being widely applied
to knowledge graphs.

In response to these gaps, our work proposes a novel method for assessing
node similarity in weighted knowledge graphs, accounting for both direct and
indirect connections between nodes. This method acknowledges shared attributes
and similar sub-graphs, thus enriching the calculation of overall similarity by
incorporating indirect contributions from these sub-structures.

3 Tools for Comparison Process

Techniques that are components of our method are presented below. We briefly
describe each of them.

3.1 Tversky Index

The Tversky index was first proposed by Tversky [8] in 1977. It is a similarity
measure that extends and generalizes the concept of the Jaccard index and
the Sørensen–Dice coefficient [9] [10], which provides a flexible framework for
calculating the similarity and diversity of sample sets. It can be also used in graph
theory to determine the extent to which two nodes are similar. Unlike symmetric
measures, the Tversky index introduces asymmetry through two parameters, α
and β which control the relative importance of the common features versus the
distinctive features of the sets being compared. For sets A and B the Tversky
index is a number between 0 and 1 given by:

T (A,B) =
| A ∩B |

| A ∩B | +α | A−B | +β | B −A |
(1)

Here, | A ∩ B | represents the size of the intersection between sets A and
B, i.e. the count of shared elements in both sets. | A − B | and | B − A |
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represent the sizes of the differences between the sets. The parameters α and β
can be adjusted to fit the asymmetric measures in calculating similarity. When
α = β = 1, the Tversky index becomes equivalent to the Jaccard index, which
is defined as the size of the intersection divided by the size of the union of the

sample sets: J(A,B) = |A∩B|
|A∪B| .

Our proposed algorithm drew inspiration from both the Jaccard index and
the Tversky index to implement both symmetric and asymmetric measures. In
our case, the sets we deal with are collections of features that are elements of
concept definitions.

3.2 InHyp-OWA

The process of aggregation is uniting various numerical inputs into a single rep-
resentative value. Our proposed algorithm is specifically designed to calculate
the similarity between two root nodes in the weighted knowledge graph. This
algorithm aims at both the explicit and implicit relation between nodes, indi-
cating that some sub-nodes of the root nodes may exhibit similar structures and
relationships contributing to the similarity measures. As we delve deeper into the
multi-level relations, it becomes necessary to find a method for aggregating the
similarities from each level. Hence, we employ the ordered weighted averaging
(OWA) operator as the aggregation operator. Initially introduced by Yager in
1988 [11], the OWA operator has since found widespread application in the field
of fuzzy sets, leading to the development of numerous families of OWA designed
for specific contexts and applications.

In our proposed algorithm, as the levels deepen, their contribution will be less
to the global similarity. Therefore we need a group of monotonically decreasing
weights for aggregation. In 2019, Kishor A. et al. [12] proposed InHyp-OWA, a
new family of OWA that generates unique weight vectors W . This group of OWA
operators has the feature of generating weight vectors with strictly monotonic
components, which aligns well with our requirements. The weight function of
InHyp-OWA and how orness is related to the parameter V are presented below

wi,n(V ) = wi =

(
V + n− 1 − i

n− i

)/(
V + n− 1

n− 1

)
(2)

orness(W ) =
V

V + 1
(3)

where n is the finite number of attributes to be aggregated, and V is the pa-
rameter that determines orness – a measure of InHyp-OWA being between ‘and’
and ’or’. Orness indicates to what degree the InHyp-OWA behaves as an OR
operator and resembles a maximization operation. It is distinctive for InHyp-
OWA that the orness value is a function of the parameter V , not a number of
aggregated attributes/inputs. Some example weight vectors W ’s generated by
InHyp-OWA are shown in Table 1.
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Table 1: Weights Generated by InHyp-OWA
n V weight vector

2

2 (0.6667,0.3333)
3 (0.7500,0.2500)
4 (0.8000,0.2000)
5 (0.8333,0.1667)

3

2 (0.5000,0.3333,0.1667)
3 (0.6000,0.3000,0.1000)
4 (0.6667,0.2667,0.0667)
5 (0.7143,0.2381,0.0476)

4

2 (0.4000,0.3000,0.2000,0.1000)
3 (0.5000,0.3000,0.1500,0.0500)
4 (0.5714,0.2857,0.1143,0.0286)
5 (0.6250,0.2679,0.0893,0.0179)

3.3 T-norm

Understanding the similarity between two nodes in an unweighted graph is
straightforward. This similarity is defined by the shared relations and tail nodes,
representing the intersection of the two nodes being compared. However, when
the graph becomes weighted, this method of intersection may not be accurate
enough to describe their relationship adequately. Therefore, the field of fuzzy
logic and fuzzy set theory offers a refined approach. The T-norm (Triangular
Norm) as a fundamental concept in the field, is a kind of binary operation used
in the framework of probabilistic metric spaces and fuzzy logic [13]. Any T-norm
can be regarded as natural extensions to realize the set intersection operation
of fuzzy sets [14]. Meanwhile, the differences each T-norm brings to the results
provide a means to balance precision and inclusiveness. Therefore, here, we use
the T-norm as the numerator in similarity calculations to substitute the orig-
inal set intersection operation. Three common T-norms are selected for result
comparison:

TM (a, b) = min(a, b) (4)

TP (a, b) = a · b (5)

TL(a, b) = max(a + b− 1, 0) (6)

Equations (4), (5), and (6) correspond to the Minimum T-norm, Product
T-norm, and  Lukasiewicz T-norm, respectively. We will discuss the effects of
different t-norms later in the case study.

4 Comparison of Concepts

Most existing similarity measurements designed for comparing graph nodes focus
on direct relationships between nodes. However, in the case of knowledge graphs,
nodes can be interpreted as representations/definitions of concepts. If a single
node A is considered, all its connections to other nodes are treated as features.
For example, looking at Fig. 1, it can be said that Person B has such features
as: is a student, born in Winnipeg, lives in Edmonton, university education, alum
of UofT, has modeling as a hobby, and likes hockey.
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Further, when nodes in a graph are perceived as definitions of concepts, they
can be indirectly connected via other nodes that, further, can be connected
directly or indirectly. Let us look at two concepts Person A and Person B,
Fig. 2. They are connected directly via university, hockey, and student (level-
0), and indirectly via nodes Calgary and Edmonton (level-1); these on the
other hand are connected directly via Alberta and energy and indirectly via
Flames and Oilers (level-2). Such a hierarchical multi-level structure should be
considered when determining the similarity between Person A and Person B.
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Person A Person B
education
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Fig. 2: Direct and indirect connections between two concepts Person A and
Person B.

Yet, traditional algorithms hardly consider these indirect connections, leading
to inaccurate results. To address this issue, our proposed algorithm compares
the nodes and relationships recursively, calculates similarity on a level-by-level
basis, and finally aggregates these level-specific similarities by applying an OWA
operator.

4.1 Direct Connection – Explicit Similarity Component

In knowledge graphs, concepts/nodes are connected by relations, and each rela-
tionship as a triple ⟨head, relation, tail⟩. There are four scenarios how two nodes
can be connected, Fig. 3.

The explanations and their ‘contributions’ to the similarity between two
nodes are:

(a) head nodes are connected by different relations to two distinct tail nodes;
this scenario does not contribute to the node similarity;

(b) head nodes are connected to the same tail node through different relations,
the semantic meaning of these relations can vary significantly; for example,
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Fig. 3: Four scenarios when comparing two nodes

relations love and hate are semantically opposite and they should not be
considered towards the node similarity;

(c) head nodes are connected by the same relation to two distinct tail nodes;
the tail nodes might be similar – in such case, they should be considered in
determining the similarity between the head nodes; the tail nodes serve as the
initial nodes for recursively calculating implicit similarity, called hereafter a
lower level similarity;

(d) head nodes are connected via identical relation to the same tail node, we
refer to this scenario as ‘direct’ similarity.

The description of the proposed method for similarity determination can
start with the process of calculating direct similarity. The diagram referring to
such a scenario is presented in Fig. 4. Two nodes A0 and B0 are connected via
a number of relations that are pair-wise, via a connecting node, the same. Each
connection, relation, is weighted with α0

i on the side of node A0 and β0
i on B0.
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N0

Fig. 4: Direct similarity at level 0

The equation used to calculate the direct similarity is

S0 =

∑N0

i=1 T(α0
i , β

0
i )

max(NA0 , NB0)
(7)

where N0 represents a number of common nodes between nodes A0 and B0,
while NA0 and NB0 are the sums of all weighted relations of node A0 and B0,
respectively. The superscript 0 indicates the 0-level.
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4.2 Hierarchical Structure – Implicit Similarity Component

Two-level based Similarity As mentioned earlier, nodes Calgary and Edmonton
in Fig. 2, the proposed method takes into consideration ‘indirect’ similarity that
is associated with the nodes that are connected to the considered nodes via the
same relation, case c) in Fig. 3

If both level 0 and level 1 are considered, the aggregation is fully controlled by
the user. They provide a coefficient α that determines a degree of contribution
of the level-1 S1 similarity towards the total similarity S0. In this way, the
lower level similarity (Section 4.1) contributes partially, in a limited way, to the
similarity between nodes. The process of calculating the similarity using both
levels is represented by the following formula

S0 =

∑N0

i=1 T(α0
i , β

0
i ) + α∗

[∑N0+K0

j=N0+1 T(S1
j ,T(α0

j , β
0
j ))

]
max(NA0 , NB0)

(8)

S1
j =

∑N1

i=1 T(α1
i , β

1
i )

max(NA1 , NB1)
(9)

here K0 is a number of pair of nodes ⟨Aj , Bj⟩ that are connected to each other
via other nodes, box LEVEL 1 in Fig. 5. As it can be seen, the similarity at the
level 1 (Eq. 9) is calculated in the same way as at the level 0 (Eq. 7). This lower-
level similarity S1

j is further aggregated with the weights α0
j , β

0
j of connections to

this pair using T-norm. After that, it is multiplied by the coefficient α provided
by user and then added to the level 0 similarity.

A0 B0
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<latexit sha1_base64="df1CIdeSI/7cefXUYaYrEBJCo/4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUj0WpeChhwr2A5pQNtttu3SzCbsTsYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy+IBdfgON9Wbm19Y3Mrv13Y2d3bL9oHhy0dJYqyJo1EpDoB0UxwyZrAQbBOrBgJA8Hawfhm5rcfmNI8kvcwiZkfkqHkA04JGKlnFz1gj5DWa61afepht2eXnLIzB14lbkZKKEOjZ395/YgmIZNABdG66zox+ClRwKlg04KXaBYTOiZD1jVUkpBpP50fPsWnRunjQaRMScBz9fdESkKtJ2FgOkMCI73szcT/vG4Cgys/5TJOgEm6WDRIBIYIz1LAfa4YBTExhFDFza2YjogiFExWBROCu/zyKmmdl91KuXJ3UapeZ3Hk0TE6QWfIRZeoim5RAzURRQl6Rq/ozXqyXqx362PRmrOymSP0B9bnD8wmkoo=</latexit>

LEVEL 1

<latexit sha1_base64="AFMnPvKDt8YMcE1ggLpwL+xTFnY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cSUV7AOaWCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63s7K6tr6xWdoqb+/s7u1XDg7bKjGS0BZJeCK7IVaUM0FbmmlOu6mkOA457YTjm9zvPFGpWCIe9CSlQYyHgkWMYG0l34+xHoVRdvfoTvuVqltzZ0DLxCtIFQo0+5Uvf5AQE1OhCcdK9Tw31UGGpWaE02nZN4qmmIzxkPYsFTimKshmmafo1CoDFCXSPqHRTP29keFYqUkc2sk8o1r0cvE/r2d0dBVkTKRGU0HmhyLDkU5QXgAaMEmJ5hNLMJHMZkVkhCUm2tZUtiV4i19eJu3zmlev1e8vqo3roo4SHMMJnIEHl9CAW2hCCwik8Ayv8OYY58V5dz7moytOsXMEf+B8/gDqSJGf</latexit>

N0

<latexit sha1_base64="SVPT4P33+LvRbLxYoiKfV/h4v/A=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6EdxUsA9oYplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfzsrq2vrGZmmrvL2zu7dfOThsq8RIQlsk4YnshlhRzgRtaaY57aaS4jjktBOOb3K/80SlYol40JOUBjEeChYxgrWVfD/GehRG2d2jO+1Xqm7NnQEtE68gVSjQ7Fe+/EFCTEyFJhwr1fPcVAcZlpoRTqdl3yiaYjLGQ9qzVOCYqiCbZZ6iU6sMUJRI+4RGM/X3RoZjpSZxaCfzjGrRy8X/vJ7R0VWQMZEaTQWZH4oMRzpBeQFowCQlmk8swUQymxWREZaYaFtT2ZbgLX55mbTPa169Vr+/qDauizpKcAwncAYeXEIDbqEJLSCQwjO8wptjnBfn3fmYj644xc4R/IHz+QPls5Gc</latexit>

K0

<latexit sha1_base64="9RFzfcNr/d+h2JJBqqvL+LpEhuM=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUSkuiy6EdxUsA9o03AznbRjJ5MwMxFLyK+4caGIW3/EnX/j9LHQ1gMXDufcy733BAlnSjvOt7Wyura+sVnYKm7v7O7t2welpopTSWiDxDyW7QAU5UzQhmaa03YiKUQBp61gdD3xW49UKhaLez1OqBfBQLCQEdBG8u1SF3gyhJ7jZw9+dttz8ty3y07FmQIvE3dOymiOum9/dfsxSSMqNOGgVMd1Eu1lIDUjnObFbqpoAmQEA9oxVEBElZdNb8/xiVH6OIylKaHxVP09kUGk1DgKTGcEeqgWvYn4n9dJdXjpZUwkqaaCzBaFKcc6xpMgcJ9JSjQfGwJEMnMrJkOQQLSJq2hCcBdfXibNs4pbrVTvzsu1q3kcBXSEjtEpctEFqqEbVEcNRNATekav6M3KrRfr3fqYta5Y85lD9AfW5w/IL5RL</latexit>

↵0
jK0

<latexit sha1_base64="Qo20ZLruJCERA0uRqOaHT4pq5as=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkCblsl2067dbMLuRikh/8OLB0W8+l+8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1js7BV3N7Z3dsvHRw2VZRIQhsk4pFs+6goZ4I2NNOctmNJMfQ5bfnjm6nfeqRSsUjc60lMvRCHggWMoDZSL+0ij0fYc/rpQ5b1S2Wn4sxgLxM3J2XIUe+XvrqDiCQhFZpwVKrjOrH2UpSaEU6zYjdRNEYyxiHtGCowpMpLZ1dn9qlRBnYQSVNC2zP190SKoVKT0DedIeqRWvSm4n9eJ9HBlZcyESeaCjJfFCTc1pE9jcAeMEmJ5hNDkEhmbrXJCCUSbYIqmhDcxZeXSfO84lYr1buLcu06j6MAx3ACZ+DCJdTgFurQAAISnuEV3qwn68V6tz7mrStWPnMEf2B9/gDNAJK6</latexit>

↵0
j

<latexit sha1_base64="NRmaimCAEaU73v9FXd7FKBU1/w8=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68VjBfkAby2a7adduNnF3Uighv8OLB0W8+mO8+W/ctjlo64OBx3szzMzzY8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOkoUZQ0aiUi1faKZ4JI1kKNg7VgxEvqCtfzRzdRvjZnSPJL3OImZF5KB5AGnBI3kpV2fIXlweuljlvVKZafizGAvEzcnZchR75W+uv2IJiGTSAXRuuM6MXopUcipYFmxm2gWEzoiA9YxVJKQaS+dHZ3Zp0bp20GkTEm0Z+rviZSEWk9C33SGBId60ZuK/3mdBIMrL+UyTpBJOl8UJMLGyJ4mYPe5YhTFxBBCFTe32nRIFKFociqaENzFl5dJ87ziVivVu4ty7TqPowDHcAJn4MIl1OAW6tAACk/wDK/wZo2tF+vd+pi3rlj5zBH8gfX5AwHzkkY=</latexit>

�0
j

<latexit sha1_base64="pNFzBHrYpYm62eS02gqWD4g4KmM=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi1WXRjeCmgn1Am4bJ9KYdO3kwM1FKzKe4caGIW7/EnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhZXVtfaO4Wdra3tndM8v7LRklgkKTRjwSHY9I4CyEpmKKQycWQAKPQ9sbX0399gMIyaLwTk1icAIyDJnPKFFacs1yzwNF+pab3rvpTd/KMtesWFVrBrxM7JxUUI6Ga371BhFNAggV5UTKrm3FykmJUIxyyEq9REJM6JgMoatpSAKQTjo7PcPHWhlgPxK6QoVn6u+JlARSTgJPdwZEjeSiNxX/87qJ8i+clIVxoiCk80V+wrGK8DQHPGACqOITTQgVTN+K6YgIQpVOq6RDsBdfXiat06pdq9Zuzyr1yzyOIjpER+gE2egc1dE1aqAmougRPaNX9GY8GS/Gu/Exby0Y+cwB+gPj8wf7VZPX</latexit>

�0
jK0

Fig. 5: Indirect similarity at level 1
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Multi-level based Similarity If more levels are used to determine similarity,
the same approach is recursively repeated. However, this time, the aggregation
of similarities from different levels is performed using the InHyp-OWA opera-
tor (Section 3.2). It enables a human-like aggregation of similarities when the
weights determining the contributions of similarities obtained for various levels
are decided via OWA. A general equation for similarity at level Q is

SQ =

∑NQ

i=1 T(αQ
i , β

Q
i ) + wQ+1∗

[∑NQ+KQ

j=NQ+1 T
(
SQ+1
j ,T(αQ

j , β
Q
j )

)]
max(NAQ , NBQ)

(10)

where SQ+1
j is a similarity value calculated for a pair of nodes j at the level

Q + 1, and there are KQ pairs. Once the similarities obtained for each pair are
summed-up, the obtained value represents a contribution from the ‘lower’ level
Q + 1. That value is multiplied by an OWA weight wQ+1, which are calculated
using Eq. 9 for n = maxDepth. The maxDepth is a number of levels that the
user requires to be included in the calculation of the similarity between the pair
of nodes A0 and B0. For the last level Q = maxDepth, the similarity is calculated
by

SmaxDepth =

∑NmaxDepth

i=1 T(αmaxDepth
i , βmaxDepth

i )

max(NAmaxDepth , NBmaxDepth)
(11)

Algorithm The Algorithm 1 represents the steps of the proposed method. The
main loop (lines 8-12) performs the one-to-one comparison of features. If relations
are the same and an object is shared a direct similarity is calculated dirS. In
the case of the same relations, but different objects (tails) the information about
the objects (different) and weights associated with the triples are added to the
list indSCNpair representing nodes that will be compared at the next level,
and their contributors will be added after multiplication by a weight (provided
by users if only two levels are considered, or OWA otherwise). The process of
setting up weights – α from a user, or OWA – is performed in lines 13-18. For
the OWA, the weights depend on the number of shared objects (tails, line 17)
and maximum depth (number of preset levels – maxDepth), line 18.

The recursive nature of the algorithm is seen in the second loop by applying
Depth-First Search (lines 23-25). The interaction over the list of nodes to com-
pare indSCNpair. Once all similarities between the nodes are determined indS,
they are aggregated with dirS (line 27).

Lines 19-22 contain simple calculations of the cardinalities of concept fea-
tures. Since we deal with weighted graphs, the cardinality is a sum of weights.

5 Case Study

The illustration of the proposed methods is shown via the inclusion of a few
simple cases. They clarify how the approach works when the calculation of simi-
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Algorithm 1: Algorithm: NodeSim

1 Global : α, maxDepth;
Input : node A, node B,A.weight,B.weight, level = 0
Output: Sim(node A, node B)

2 if level ≥ maxDepth then
3 return 0

4 triples A← node A triples;
5 triples B ← node B triples;
6 for i in triples A do
7 for j in triples B do
8 if i.relation = j.relation then
9 if i.tail = j.tail then

10 dirS ← dirS + (T-norm(i.weight, j.weight));
11 else
12 indSC Npair.append(i.tail, j.tail, i.weight, j.weight)

13 if level = 0 then
14 if maxDepth ≤ 2 then
15 w1 ← α; /* user entered α */

16 else
17 v ← dirSC list.length() ;
18 w← InHypOWA(v,maxDepth); /* calculation of OWA weights */

19 cardA =
∑

triples A.weight;
20 cardB =

∑
triples B.weight;

21 ABsize = max(cardA, cardB);
22 indS ← 0;
23 for triplePair in indSC Npair do
24 nA, nB, nA.weight, nB.weight← triplePair;
25 indS ← indS + NodeSim(nA, nB, nA.weight, nB.weight, level + 1);

26 if level > 0 then
27 return T-norm( dirS+indS

ABsize
,T-norm(A.weight, B.weight)) · wlevel;

28 if level = 0 then
29 return dirS+indS

ABsize
;

larities involves different levels of depth, how similarity depends on a number of
features of compared concepts, and what T-norm is used (Section 5.1), as well
as when an asymmetry is taken into consideration (Section 5.2).

5.1 Symmetric Approach

The first set of experiments is focused on showing the workings of the approach
involving the following cases showing how the results are influenced by: a number
of levels – maxDepth, a number of common nodes, and a type of T-norm.
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A0 B0

A1

A2,2

<latexit sha1_base64="New12EWhhZGLI3esibxw+PBizTc=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuAqJSNVFoejGZQX7gDaGyXTSDp08mJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvff4CWdS2fa3UVhaXlldK66XNja3tnfM3b2mjFNBaIPEPBZtH0vKWUQbiilO24mgOPQ5bfnD67HfeqBCsji6U6OEuiHuRyxgBCsteeZB1sU8GeB728tY1clzVEW2demZZduyJ0CLxJmRMsxQ98yvbi8maUgjRTiWsuPYiXIzLBQjnOalbippgskQ92lH0wiHVLrZ5P4cHWulh4JY6IoUmqi/JzIcSjkKfd0ZYjWQ895Y/M/rpCq4cDMWJamiEZkuClKOVIzGYaAeE5QoPtIEE8H0rYgMsMBE6chKOgRn/uVF0jy1nIpVuT0r165mcRThEI7gBBw4hxrcQB0aQOARnuEV3own48V4Nz6mrQVjNrMPf2B8/gDm75S8</latexit>

↵0
i=1 = 0.9

<latexit sha1_base64="IgMHZEZ90JS3cdrnfdFdKItmx+w=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5AUrV6EohePFewHtDFsttt26WYTdjdKif0pXjwo4tVf4s1/Y9LmoK0PBh7vzTAzz484U9q2v43Cyura+kZxs7S1vbO7Z5b3WyqMJaFNEvJQdnysKGeCNjXTnHYiSXHgc9r2x9eZ336gUrFQ3OlJRN0ADwUbMIJ1KnlmuYd5NML3VS9h00vbOit5ZsW27BnQMnFyUoEcDc/86vVDEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2UypwQJWbzE6fouNU6aNBKNMSGs3U3xMJDpSaBH7aGWA9UoteJv7ndWM9uHATJqJYU0HmiwYxRzpEWQ6ozyQlmk9Sgolk6a2IjLDERKdpZSE4iy8vk1bVcmpW7fa0Ur/K4yjCIRzBCThwDnW4gQY0gcAjPMMrvBlPxovxbnzMWwtGPnMAf2B8/gCWtJLs</latexit>

↵2
i = 0.5

<latexit sha1_base64="iwoM8mxPrAA2R/2khRT65UP87AE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0iKtF6EohePFewHtDFsttt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvDDhTGnX/bYKG5tb2zvF3dLe/sHhkX180lJxKgltkpjHshNiRTkTtKmZ5rSTSIqjkNN2OL6b++0JlYrF4lFPE+pHeCjYgBGsjRTYdg/zZISfKkHGZjeuUwvssuu4C6B14uWkDDkagf3V68ckjajQhGOlup6baD/DUjPC6azUSxVNMBnjIe0aKnBElZ8tLp+hC6P00SCWpoRGC/X3RIYjpaZRaDojrEdq1ZuL/3ndVA+u/YyJJNVUkOWiQcqRjtE8BtRnkhLNp4ZgIpm5FZERlphoE1bJhOCtvrxOWhXHqzrVh6ty/TaPowhncA6X4EEN6nAPDWgCgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/X/GS2g==</latexit>

↵2
i = 0.7

<latexit sha1_base64="AT8Sx50LQK/3v7AkCy98Lt9hM8I=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5AUrW6EohuXFewD2hgm05t27OTBzESooV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7j59wJpVtfxuFldW19Y3iZmlre2e3bO7tt2ScCgpNGvNYdHwigbMImoopDp1EAAl9Dm1/dD31248gJIujOzVOwA3JIGIBo0RpyTPLPR8Uua962cPk0rbOPLNiW/YMeJk4OamgHA3P/Or1Y5qGECnKiZRdx06UmxGhGOUwKfVSCQmhIzKArqYRCUG62ezwCT7WSh8HsdAVKTxTf09kJJRyHPq6MyRqKBe9qfif101VcOFmLEpSBRGdLwpSjlWMpyngPhNAFR9rQqhg+lZMh0QQqnRWJR2Cs/jyMmlVLadm1W5PK/WrPI4iOkRH6AQ56BzV0Q1qoCaiKEXP6BW9GU/Gi/FufMxbC0Y+c4D+wPj8AZJwkmU=</latexit>

�2
j = 0.5<latexit sha1_base64="Xz3PDg1BBHb3fB9cq8u2MWmcoq0=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5AUad0IRTcuK9gHtDFMppN27OTBzI1QQ7/EjQtF3Pop7vwbp20W2nrgwuGce7n3Hj8RXIFtfxuFtfWNza3idmlnd2+/bB4ctlWcSspaNBax7PpEMcEj1gIOgnUTyUjoC9bxx9czv/PIpOJxdAeThLkhGUY84JSAljyz3PcZkPuqlz1ML22r7pkV27LnwKvEyUkF5Wh65ld/ENM0ZBFQQZTqOXYCbkYkcCrYtNRPFUsIHZMh62kakZApN5sfPsWnWhngIJa6IsBz9fdERkKlJqGvO0MCI7XszcT/vF4KwYWb8ShJgUV0sShIBYYYz1LAAy4ZBTHRhFDJ9a2YjogkFHRWJR2Cs/zyKmlXLadm1W7PK42rPI4iOkYn6Aw5qI4a6AY1UQtRlKJn9IrejCfjxXg3PhatBSOfOUJ/YHz+AJV4kmc=</latexit>

�2
j = 0.7

B1

<latexit sha1_base64="FEytjJDDf7kRB3COzdmC/6XRklE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUhEqhuh6MZlBfuANobJdNqOnTyYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69x485k8q2v43Syura+kZ5s7K1vbO7Z+4ftGWUCEJbJOKR6PpYUs5C2lJMcdqNBcWBz2nHn1xP/c4jFZJF4Z1KY+oGeBSyISNYackzq1nfpwrfO172kOfoEtlW3TNrtmXPgJaJU5AaFGh65ld/EJEkoKEiHEvZc+xYuRkWihFO80o/kTTGZIJHtKdpiAMq3Wx2fI6OtTJAw0joChWaqb8nMhxImQa+7gywGstFbyr+5/USNbxwMxbGiaIhmS8aJhypCE2TQAMmKFE81QQTwfStiIyxwETpvCo6BGfx5WXSPrWculW/Pas1roo4ynAIR3ACDpxDA26gCS0gkMIzvMKb8WS8GO/Gx7y1ZBQzVfgD4/MHGaaTxQ==</latexit>

�1
j = 0.6

<latexit sha1_base64="hkTqOOy9HjHjP7QLA2bxDc4lFvs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyERqd0IRTcuK9gHtDFMptN27OTBzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZ1LZ9rdRWFpeWV0rrpc2Nre2d8zdvaaMEkFog0Q8Em0fS8pZSBuKKU7bsaA48Dlt+aOrid96oEKyKLxV45i6AR6ErM8IVlryzIO0i3k8xHeOl95nGbpAtlX1zLJt2VOgReLkpAw56p751e1FJAloqAjHUnYcO1ZuioVihNOs1E0kjTEZ4QHtaBrigEo3nV6foWOt9FA/ErpChabq74kUB1KOA193BlgN5bw3Ef/zOonqV92UhXGiaEhmi/oJRypCkyhQjwlKFB9rgolg+lZEhlhgonRgJR2CM//yImmeWk7FqtyclWuXeRxFOIQjOAEHzqEG11CHBhB4hGd4hTfjyXgx3o2PWWvByGf24Q+Mzx/qYpQ7</latexit>

↵1
j = 0.8

B2,2A2,1 B2,1

<latexit sha1_base64="lxLDUEC3qEmVXbUjgwHL5o+jmmQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyERqboQim5cVrAPaGOYTCft0MkkzEyEGvolblwo4tZPceffOH0stPXAhcM593LvPWHKmdKu+20VVlbX1jeKm6Wt7Z3dsr2331RJJgltkIQnsh1iRTkTtKGZ5rSdSorjkNNWOLyZ+K1HKhVLxL0epdSPcV+wiBGsjRTY5W5INX7wgpyNr1znMrArruNOgZaJNycVmKMe2F/dXkKymApNOFaq47mp9nMsNSOcjkvdTNEUkyHu046hAsdU+fn08DE6NkoPRYk0JTSaqr8nchwrNYpD0xljPVCL3kT8z+tkOrrwcybSTFNBZouijCOdoEkKqMckJZqPDMFEMnMrIgMsMdEmq5IJwVt8eZk0Tx2v6lTvziq163kcRTiEIzgBD86hBrdQhwYQyOAZXuHNerJerHfrY9ZasOYzB/AH1ucPlWuSZw==</latexit>

�1
i = 0.9

<latexit sha1_base64="6AMkivbVpO8ZCoEJ4QgrWzv+17A=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4ColI60UoevFYwX5AG8Nmu2mXbjZhd1Moof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1POlHbdb2ttfWNza7u0U97d2z84tI+OWyrJJKFNkvBEdkKsKGeCNjXTnHZSSXEcctoOR3czvz2mUrFEPOpJSv0YDwSLGMHaSIFt9zBPh/jJC3I2vXGdWmBXXMedA60SryAVKNAI7K9ePyFZTIUmHCvV9dxU+zmWmhFOp+VepmiKyQgPaNdQgWOq/Hx++RSdG6WPokSaEhrN1d8TOY6VmsSh6YyxHqplbyb+53UzHV37ORNppqkgi0VRxpFO0CwG1GeSEs0nhmAimbkVkSGWmGgTVtmE4C2/vEpal45XdaoPV5X6bRFHCU7hDC7AgxrU4R4a0AQCY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AXmWS2Q==</latexit>

↵1
i = 0.7

<latexit sha1_base64="W6UoW9m0jvD+2+qDrZw+viDsxqo=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiSi1U2h6MZlBfuANobJdNIOnTyYuVFK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/fe4yeCK7Dtb6Owsrq2vlHcLG1t7+zumeX9lopTSVmTxiKWHZ8oJnjEmsBBsE4iGQl9wdr+6Hrqtx+YVDyO7mCcMDckg4gHnBLQkmeWez4Dcm97Ga85k5ptnXtmxbbsGfAycXJSQTkanvnV68c0DVkEVBCluo6dgJsRCZwKNin1UsUSQkdkwLqaRiRkys1mp0/wsVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+bQnDpZjxKUmARnS8KUoEhxtMccJ9LRkGMNSFUcn0rpkMiCQWdVkmH4Cy+vExap5ZTtaq3Z5X6VR5HER2iI3SCHHSB6ugGNVATUfSIntErejOejBfj3fiYtxaMfOYA/YHx+QOIy5Lk</latexit>

�0
i=1 = 0.5

<latexit sha1_base64="xjMzQr45Jc2jitEQ6tpuInw+7GM=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFchUSkdSMU3bisYB/QxnAznbRjJw9mJmIJ+RU3LhRx64+482+ctllo64ELh3Pu5d57/IQzqWz721hZXVvf2Cxtlbd3dvf2zYNKW8apILRFYh6Lrg+SchbRlmKK024iKIQ+px1/fD31O49USBZHd2qSUDeEYcQCRkBpyTMrfeDJCO4dL3vI8SW2rbpnVm3LngEvE6cgVVSg6Zlf/UFM0pBGinCQsufYiXIzEIoRTvNyP5U0ATKGIe1pGkFIpZvNbs/xiVYGOIiFrkjhmfp7IoNQykno684Q1EguelPxP6+XquDCzViUpIpGZL4oSDlWMZ4GgQdMUKL4RBMggulbMRmBAKJ0XGUdgrP48jJpn1lOzardnlcbV0UcJXSEjtEpclAdNdANaqIWIugJPaNX9GbkxovxbnzMW1eMYuYQ/YHx+QMV4pMu</latexit>

↵1
j = 0.7

<latexit sha1_base64="/zCt5mY2xhLuDgE6L5Kxw/EIzCY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEQQiJSO1GKLpxWcE+oI1hMp20YycPZiZCDcVfceNCEbf+hzv/xmnNQlsPXDiccy/33uMnnEll219GYWFxaXmluFpaW9/Y3DK3d5oyTgWhDRLzWLR9LClnEW0opjhtJ4Li0Oe05Q8vJ37rngrJ4uhGjRLqhrgfsYARrLTkmXtdzJMBvnW87O7YGaNzZFtVzyzblj0FmidOTsqQo+6Zn91eTNKQRopwLGXHsRPlZlgoRjgdl7qppAkmQ9ynHU0jHFLpZtPrx+hQKz0UxEJXpNBU/T2R4VDKUejrzhCrgZz1JuJ/XidVQdXNWJSkikbkZ1GQcqRiNIkC9ZigRPGRJpgIpm9FZIAFJkoHVtIhOLMvz5PmieVUrMr1abl2kcdRhH04gCNw4AxqcAV1aACBB3iCF3g1Ho1n4814/2ktGPnMLvyB8fEN+DuTnw==</latexit>

↵1
j+1 = 0.8

<latexit sha1_base64="Q6SC0atGiWGjbAbZ+ISX9gH9ncA=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCEjUt0IRTcuK9gHtDFMppN27GQSZiZKif0UNy4UceuXuPNvnLZZaOuBC4dz7uXee4KEM6Vd99sqLC2vrK4V10sbm1vbO3Z5t6niVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg18VsPVCoWi1s9SqgX4b5gISNYG8m3y92AanyH/Oz+GI0vXAf5dsV13CngIkE5qYAcdd/+6vZikkZUaMKxUh3kJtrLsNSMcDoudVNFE0yGuE87hgocUeVl09PH8NAoPRjG0pTQcKr+nshwpNQoCkxnhPVAzXsT8T+vk+rw3MuYSFJNBZktClMOdQwnOcAek5RoPjIEE8nMrZAMsMREm7RKJgQ0//IiaZ44qOpUb04rtcs8jiLYBwfgCCBwBmrgGtRBAxDwCJ7BK3iznqwX6936mLUWrHxmD/yB9fkDaiCS0A==</latexit>

�1
j+1 = 0.1

<latexit sha1_base64="ssC2wMMAJ4Nj7313/gaSIWErS8I=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiWr0IRS8eK9gPaGPYbDft6mYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFpeWV1bXiemljc2u7bO/stlScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdPFxN/PYjlYrF4laPEupFeCBYyAjWRvLtci+gGt+5fnY/vnCqp75dcarOFGiRuDmpQI6Gb3/1+jFJIyo04Viprusk2suw1IxwOi71UkUTTB7wgHYNFTiiysumh4/RoVH6KIylKaHRVP09keFIqVEUmM4I66Ga9ybif1431eG5lzGRpJoKMlsUphzpGE1SQH0mKdF8ZAgmkplbERliiYk2WZVMCO78y4ukdVx1a9XazUmlfpnHUYR9OIAjcOEM6nANDWgCgRSe4RXerCfrxXq3PmatBSuf2YM/sD5/AJDkkmQ=</latexit>

�1
j = 0.5

<latexit sha1_base64="Q/Gg2mICWRm7kqrGfYX2pu0uNSk=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUj0WpeChhwr2A5pQNtttu3SzCbsTsYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy+IBdfgON9Wbm19Y3Mrv13Y2d3bL9oHhy0dJYqyJo1EpDoB0UxwyZrAQbBOrBgJA8Hawfhm5rcfmNI8kvcwiZkfkqHkA04JGKlnFz1gj5DWa61afephp2eXnLIzB14lbkZKKEOjZ395/YgmIZNABdG66zox+ClRwKlg04KXaBYTOiZD1jVUkpBpP50fPsWnRunjQaRMScBz9fdESkKtJ2FgOkMCI73szcT/vG4Cgys/5TJOgEm6WDRIBIYIz1LAfa4YBTExhFDFza2YjogiFExWBROCu/zyKmmdl91KuXJ3UapeZ3Hk0TE6QWfIRZeoim5RAzURRQl6Rq/ozXqyXqx362PRmrOymSP0B9bnD8qikok=</latexit>

LEVEL 0

<latexit sha1_base64="df1CIdeSI/7cefXUYaYrEBJCo/4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUj0WpeChhwr2A5pQNtttu3SzCbsTsYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy+IBdfgON9Wbm19Y3Mrv13Y2d3bL9oHhy0dJYqyJo1EpDoB0UxwyZrAQbBOrBgJA8Hawfhm5rcfmNI8kvcwiZkfkqHkA04JGKlnFz1gj5DWa61afepht2eXnLIzB14lbkZKKEOjZ395/YgmIZNABdG66zox+ClRwKlg04KXaBYTOiZD1jVUkpBpP50fPsWnRunjQaRMScBz9fdESkKtJ2FgOkMCI73szcT/vG4Cgys/5TJOgEm6WDRIBIYIz1LAfa4YBTExhFDFza2YjogiFExWBROCu/zyKmmdl91KuXJ3UapeZ3Hk0TE6QWfIRZeoim5RAzURRQl6Rq/ozXqyXqx362PRmrOymSP0B9bnD8wmkoo=</latexit>

LEVEL 1

<latexit sha1_base64="qHGYR52e18uLb/FeOQQV4W+drU8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mKVI9FKXjooYL9gCaUzXbbLt1swu5ErKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtiwTU4zre1tr6xubWd28nv7u0fFOzDo5aOEkVZk0YiUp2AaCa4ZE3gIFgnVoyEgWDtYHwz89sPTGkeyXuYxMwPyVDyAacEjNSzCx6wR0jrtVatPvVwuWcXnZIzB14lbkaKKEOjZ395/YgmIZNABdG66zox+ClRwKlg07yXaBYTOiZD1jVUkpBpP50fPsVnRunjQaRMScBz9fdESkKtJ2FgOkMCI73szcT/vG4Cgys/5TJOgEm6WDRIBIYIz1LAfa4YBTExhFDFza2YjogiFExWeROCu/zyKmmVS26lVLm7KFavszhy6ASdonPkoktURbeogZqIogQ9o1f0Zj1ZL9a79bFoXbOymWP0B9bnD82qkos=</latexit>

LEVEL 2

<latexit sha1_base64="A0VU2YCs8SYNmFjQTf+8IhQgY70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuH7Vrd5fVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFeoo03</latexit>

0.6
<latexit sha1_base64="Ixa0zRknAy0WCCDSOcTEDPwOFOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hUqseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa699zzXrniud4c5C/xc1KBHPVe+bPbT1gWozRMUK07vpeaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TEKn0SJcqWNGSu/pyY0FjrcRzazpiaoV72ZuJ/Xicz0VUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlv6R55vpVt3p3Uald53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OcJ6dN+d90Vpw8plD+AXn4xtaFo00</latexit>

0.3

<latexit sha1_base64="/4jLgKNDMd+F0bw76NzvhILUCq8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEao9FLx4rWltoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fDoUSeZYthkiUhUO6QaBZfYNNwIbKcKaRwKbIWjm5nfekKleSIfzDjFIKYDySPOqLHSvefWeuWK53pzkFXi56QCORq98le3n7AsRmmYoFp3fC81wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5molow4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlVfJ44fpVt3p3Walf53EU4QRO4Rx8uII63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdhqo05</latexit>

0.8
<latexit sha1_base64="cEGVM2kUC+sWdCz1Dak7EQyfRLw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEWo9FLx4rWltoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fDoUSeZYthkiUhUO6QaBZfYNNwIbKcKaRwKbIWjm5nfekKleSIfzDjFIKYDySPOqLHSvefWeuWK53pzkFXi56QCORq98le3n7AsRmmYoFp3fC81wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moqtgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI/vLLq+TxwvWrbvXuslK/zuMowgmcwjn4UIM63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdgJo04</latexit>

0.7

<latexit sha1_base64="Ixa0zRknAy0WCCDSOcTEDPwOFOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hUqseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa699zzXrniud4c5C/xc1KBHPVe+bPbT1gWozRMUK07vpeaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TEKn0SJcqWNGSu/pyY0FjrcRzazpiaoV72ZuJ/Xicz0VUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlv6R55vpVt3p3Uald53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OcJ6dN+d90Vpw8plD+AXn4xtaFo00</latexit>

0.3
<latexit sha1_base64="VmDD0gB1OPBhqdSp1FY0iJ6NKXc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+97JUrnuvNQVaJn5MK5Kj3yl/dfsKymCtkkhrT8b0UgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRtfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVdK8cP2qW72/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNbmo01</latexit>

0.4

<latexit sha1_base64="aAEl/DYtIxjoGM+hOIRsI16Q1tA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEq8eiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa699yLXrniud4c5C/xc1KBHPVe+bPbT1gWozRMUK07vpeaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TEKn0SJcqWNGSu/pyY0FjrcRzazpiaoV72ZuJ/Xicz0VUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlv6R55vpVt3p3Xqld53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OcJ6dN+d90Vpw8plD+AXn4xtdHo02</latexit>

0.5

<latexit sha1_base64="/4jLgKNDMd+F0bw76NzvhILUCq8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEao9FLx4rWltoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fDoUSeZYthkiUhUO6QaBZfYNNwIbKcKaRwKbIWjm5nfekKleSIfzDjFIKYDySPOqLHSvefWeuWK53pzkFXi56QCORq98le3n7AsRmmYoFp3fC81wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5molow4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlVfJ44fpVt3p3Walf53EU4QRO4Rx8uII63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdhqo05</latexit>

0.8
<latexit sha1_base64="A0VU2YCs8SYNmFjQTf+8IhQgY70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuH7Vrd5fVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFeoo03</latexit>

0.6
<latexit sha1_base64="aAEl/DYtIxjoGM+hOIRsI16Q1tA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEq8eiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa699yLXrniud4c5C/xc1KBHPVe+bPbT1gWozRMUK07vpeaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TEKn0SJcqWNGSu/pyY0FjrcRzazpiaoV72ZuJ/Xicz0VUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlv6R55vpVt3p3Xqld53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OcJ6dN+d90Vpw8plD+AXn4xtdHo02</latexit>

0.5

<latexit sha1_base64="aAEl/DYtIxjoGM+hOIRsI16Q1tA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEq8eiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa699yLXrniud4c5C/xc1KBHPVe+bPbT1gWozRMUK07vpeaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TEKn0SJcqWNGSu/pyY0FjrcRzazpiaoV72ZuJ/Xicz0VUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlv6R55vpVt3p3Xqld53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OcJ6dN+d90Vpw8plD+AXn4xtdHo02</latexit>

0.5

<latexit sha1_base64="A0VU2YCs8SYNmFjQTf+8IhQgY70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuH7Vrd5fVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFeoo03</latexit>

0.6

<latexit sha1_base64="8nN6KKImBetlWjPhsVCfOmYKiGU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqt6KXjxWtB/QhrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8MJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+65FrIxL1gOOUBzEdKBEJRtFK95571StXPNebg/wlfk4qkKPeK392+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyYpU+iRJtSyGZqz8nJjQ2ZhyHtjOmODTL3kz8z+tkGF0GE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWX/5LmmetX3erdeaV2ncdRhCM4hlPw4QJqcAt1aACDATzBC7w60nl23pz3RWvByWcO4Recj29jLo06</latexit>

0.9 <latexit sha1_base64="Ixa0zRknAy0WCCDSOcTEDPwOFOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hUqseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa699zzXrniud4c5C/xc1KBHPVe+bPbT1gWozRMUK07vpeaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TEKn0SJcqWNGSu/pyY0FjrcRzazpiaoV72ZuJ/Xicz0VUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEf/nlv6R55vpVt3p3Uald53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OcJ6dN+d90Vpw8plD+AXn4xtaFo00</latexit>

0.3
<latexit sha1_base64="8nN6KKImBetlWjPhsVCfOmYKiGU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqt6KXjxWtB/QhrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8MJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+65FrIxL1gOOUBzEdKBEJRtFK95571StXPNebg/wlfk4qkKPeK392+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyYpU+iRJtSyGZqz8nJjQ2ZhyHtjOmODTL3kz8z+tkGF0GE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWX/5LmmetX3erdeaV2ncdRhCM4hlPw4QJqcAt1aACDATzBC7w60nl23pz3RWvByWcO4Recj29jLo06</latexit>
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Fig. 6: Case study diagram

The results are shown in Table 2. The upper part of the table includes results
when only two levels are considered. In such a situation, the users provide a value
that determines the degree of inclusion of the level 1 similarity to the similarity
obtained for the level 0. As we can see, the level 0 similarity is ‘fully’ included in
the calculations (based on Eq. 8 the value of similarity is in [0, 1]). The similarity
values are for two different numbers of ‘common features’ shared between two
concepts: 3 and 6. The table contains weights which are used to aggregate level
0 and level 1 similarities. As expected, adding an additional level increases the
values of similarities.

The lower part of the table shows the results when three levels are considered.
In this case, an OWA operator is used to aggregate similarities obtained for the
levels 0 and 1. We see the values of weights – how they depend on a number of
features shared between concepts (V ). The more such features concepts have,
the smaller portions of similarity values of lower levels are considered.

The values for three different T-norms are presented, Table 2. As we can see,
each of them results in different similarity values – Minimum T-norm provides
the largest values, while  Lukasiewicz the lowest.
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Table 2: Similarity: by number of common nodes, levels, and type of T-norm

maxDepth
number of

level
(α,OWA) t-norm

features(V) weights Minimum Product  Lukasiewicz

1 (user)
3

0 1 0.4242 0.3455 0.2424
0&1 α=0.5 0.4815 0.3678 0.2424

6
0 1 0.5556 0.4296 0.2963

0&1 α=0.5 0.5905 0.4433 0.2963

2 (OWA)

3
0 1 0.4242 0.3455 0.2424

0&1 w1=0.75 0.5101 0.3789 0.2424
0&1&2 w2=0.25 0.5177 0.3802 0.2424

6
0 1 0.5556 0.4296 0.2963

0&1 w1=0.857 0.6155 0.4530 0.2963
0&1&2 w2=0.143 0.6185 0.4535 0.2963

5.2 Asymmetric Approach

The nature of Tversky’s index allows us to consider an asymmetric comparison
of concepts. In this case, a similarity value is calculated in the reference to one
of the concepts. Let us compare two concepts described by a different number of
features. An entity A is described by several features, while only a few describe
an entity B. Further, all features of B are a subset of features of the A. In such a
case, if the similarity is determined in reference to the B, then the numerator and
denominator (Eq. 1) are the same, resulting in the similarity of one. It indicates
that if only features of the entity B are considered, the entity B is very similar
to the entity A. In the opposite situation, if the features of A are considered,
the similarity value is very low (the denominator is much larger than in the
numerator).

Illustration of comparison of such very different concepts – size-wise – is
shown in Fig. 7. The results of this comparison are shown in Table 3. The values
indicates that similarity in reference to the smaller concepts is higher than to
the larger ones. In other words, the concepts that have a smaller number of
features are more ‘similar’ to the concepts with a larger number of features. And
the concepts that have many features are less ‘similar’ to concepts with fewer
features even in the case that all features of the smaller concepts are a subset of
the features of larger concepts.

6 Conclusion

In this paper, we have focused on developing a methodology for evaluating con-
cept similarity within the structure of weighted knowledge graphs. By embracing
a graph-based perspective, where concepts are interconnected via edges repre-
senting relations between nodes/concepts, we have attempted to provide a tech-
nique beyond surface-level comparisons. Our approach, grounded in a feature-
based methodology, leverages the richness of hierarchical concept descriptions,
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Fig. 7: Comparison of a large concept A0 with a small one B0

Table 3: Symmetric vs. Asymmetric Similarities

Similarity |NA0 | |NB0 | level
Tversky Index Denominator

max(|NA0 |, |NB0 |) |NB0 | |NA0 |

Symmetric

3.3 3.1 0 0.4242 0.4516 0.4242

4.5 3.1 1 0.5101 0.5843 0.5101

0.5 0.7
2 0.5177 0.5960 0.5177

2.4 1.7

Asymmetric

6.8 3.1 0 0.2059 0.4516 0.2059

4.5 3.1 1 0.2475 0.5843 0.2475

0.5 0.7
2 0.2512 0.5960 0.2512

2.4 1.7

utilizing the Ordered Weighted Averaging (OWA) operator and T-norms as ag-
gregation mechanisms.

The approach proposed has enabled us to address direct and indirect connec-
tions between concepts and offer a more comprehensive framework for similar-
ity assessment. Our work’s contributions include developing a detailed process
for determining concept similarity and introducing a method that incorporates
nested features through the OWA operator.

We intend to extend the proposed approach to develop a feature-based method-
ology for the comparative analysis of concept graphs. It would enable a better
understanding of concepts and reveal relations between clusters of concepts or
entire graphs.
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