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Abstract. The Human Development Index (HDI) is a widely recognized
measure, designed to assess the overall well-being and development of
nations. This article explores, in the context of Multiple Criteria Decision
Analysis, the integration of the discrete 2-additive Choquet Integral into
the computation of the HDI, by analyzing the interactions among its
dimensions. We show that the HDI formula is equivalent to an additive
model and then these interactions can only be interpreted as the possible
interactions.
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1 Introduction

The Human Development Index (HDI) was introduced in 1990 by the United
Nations Development Programme (UNDP) to move beyond traditional economic
indicators and provide a more holistic understanding of a country’s development
[1, 15]. In this case, it serves as a valuable tool for policymakers, researchers, and
the general public to assess a nation’s progress beyond solely focusing on eco-
nomic indicators. HDI is computed based on three essential dimensions: health,
education and standard of living. However, a critical evaluation of its compu-
tation, formula, illustrative examples, and inherent limitations is essential for a
comprehensive understanding of its strengths and weaknesses. As a composite
indicator, it can be analyzed as an aggregation function, in a Multiple Criteria
Decision Analysis (MCDA) context.

MCDA aims at helping the Decision Maker (DM) to analyze, through a com-
prehensive mathematical model, his preferences given over a set of alternatives
evaluated on a finite set of criteria. The discrete Choquet integral goes beyond
traditional averaging MCDA models by considering the interactions and depen-
dencies between these criteria. It appears in [14] as a powerful tool, from fuzzy
measure theory, for analyzing the HDI in a more nuanced and flexible manner, in
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particular the interactions among its three dimensions or criteria. However, all
the parameters of this model are fixed by the authors and the obtained rankings
are different of those produced by the original HDI.

In this paper, we will focus on countries HDI rankings, by showing that it
is always modeled by a Choquet integral w.r.t. a 2-additive capacity, also called
the 2-additive Choquet integral. Therefore, through the concepts of possible
and necessary interactions recently introduced in [8, 11], we are interested in
the robust interpretation of the exisiting interactions among the criteria health,
education and standard of living, captured by the interaction indices elaborated
from a 2-additive capacity. We highlight that such interpretations should be done
in a delicate manner. To do so, we first prove that the geometric mean formula
of the HDI is equivalent to an additive model. In this case, the three HDI criteria
satisfy the preferential independence property, i.e., there is no interaction taken
into account in the HDI model. Secondly, we show that it is always possible to
reproduce any ranking of the HDI by using a 2-additive Choquet integral with
non null interactions. Hence, we conclude that such interactions can only be
interpreted as the possible interactions, but not necessary.

We define and present the computation aspects of the HDI in the next section.
Section 3 is devoted to the 2-additive Choquet integral and our results are given
in Section 4. The paper ends by a conclusion.

2 Computation of the HDI

The Human Development Index (HDI) is based on three criteria or dimensions:
health, education and standard of living [15, 14, 1]. Each of the three dimensions
of HDI is individually assessed using specific indicators with established mini-
mum and maximum values. These values are then normalized to a scale of 0 to 1,
where 0 represents the lowest level of development and 1 represents the highest.
These three criteria are described as follows1 [14]:

1. Life expectancy index (LEI): the health dimension is assessed by life ex-
pectancy at birth (human development longevity)

LEI =
life expectancy at birth− 20

85− 20
(1)

2. Educational index (EI): The education dimension is measured by mean of
years of schooling for adults aged 25 years and more and expected years of
schooling for children of school entering age:

EI =
MY SI + EY SI

2
(2)

where

1 https://en.wikipedia.org/wiki/Human_Development_Index
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• MY SI refers to the Mean Years of Schooling Index given by

MY SI =
MYS

15

Fifteen is the projected maximum of this indicator for 2025. MY S being
the Mean Years of Schooling (i.e., years that a person aged 25 or older
has spent in formal education)

• The Expected Years of Schooling Index (EYSI) is

EY SI =
EYS

18

Eighteen is equivalent to achieving a master’s degree in most countries.
Expected Years of Schooling (i.e., total expected years of schooling for
children under 18 years of age)

3. Income Index (II): The standard of living dimension is measured by gross
national income per capita, i.e.,

II =
ln(GNIpc)− ln(100)

ln(75.000)− ln(100)
(3)

where GNIpc is the Gross national income at purchasing power parity per
capita.

The original Human Development Index (HDI) formula utilized a simple
arithmetic mean to combine these three criteria of human development. While
this simple approach has been influential, it presents some limitations that are
crucial to consider [13]:

• Sensitivity to Outliers: The use of the arithmetic mean is susceptible to
the influence of extreme values (outliers) in any of the dimensions. A single
dimension with a significantly high or low value can disproportionately affect
the overall HDI score.

• Loss of Information: The arithmetic mean masks the underlying distribution
of values within each dimension. It fails to capture the complete picture of
inequalities and disparities within a country.

• Limited Consideration of Interactions: The arithmetic mean being an addi-
tive model, the three criteria are independent, i.e., they satisfy the preferen-
tial independence axiom. Therefore the formula does not take into account
potential interactions or synergies between the different dimensions. For ex-
ample, a strong education system might have a positive impact on health
outcomes, but this relationship is not directly reflected in the simple average.

In recognition of these limitations, the UNDP introduced a revised HDI formula
in 2010. This new version utilizes a geometric mean, which is less sensitive to
outliers and provides a more balanced representation of development across di-
mensions. Additionally, the concept of Inequality-adjusted Human Development
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Index (IHDI) was introduced, acknowledging the importance of addressing in-
equalities within countries [7, 13]. For a country x, the HDI of x is given by the
following expression:

HDI(x) = 3
√
LEI(x)× EI(x)× II(x) (4)

The ranking of the first ten and last ten countries is given by Figure 1 where
we added a column giving the value of the geometric mean. We noticed that
this latter is different from the real HDI value, for eight of the top ten countries
(shown in bold).

Example 1 In 2021, Switzerland was the best country in the HDI’s ranking. Its
HDI score is computed as follows:

• LEI(Switzerland) = (84− 20)/(85− 20) = 0.9844;
• EI(Switzerland) = ((16.5/18) + (13.9/15))/2 = 0.9203;
• II(Switzerland) = (ln(66933)− ln(100))/ ln(75.000)− ln(100) = 0.9828;
• HDI(Switzerland) = 3

√
0.9844× 0.9203× 0.9828 = 0.962.

Fig. 1. Top 10 and last 10 countries of the HDI ranking (2021)

3 The discrete 2-additive Choquet integral

3.1 Definitions

The discrete 2-additive Choquet Integral, rooted in fuzzy set theory, extends the
traditional Choquet Integral by considering the interactions between pairs of cri-
teria. This section introduces the mathematical foundations of this aggregation
function, highlighting its capacity to capture interdependencies.
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Let X = X1 × . . .×Xn be a finite set of alternatives evaluated on a set of n
criteria N = {1, . . . , n}. X is also viewed as Cartesian product of the n attributes
X1, . . . , Xn. We denote by 2N the set of all subsets of N . The 2-additive Choquet
integral [9, 10] is an aggregation function based on a capacity or fuzzy measure
µ, defined as a set function from 2N to [0, 1] such that:

1. µ(∅) = 0
2. µ(N) = 1
3. ∀A,B ∈ 2N , [A ⊆ B ⇒ µ(A) ≤ µ(B)] (monotonicity).

The Möbius transform mµ : 2N → R associated to the capacity µ is defined
by

mµ(T ) :=
∑
K⊆T

(−1)|T\K|µ(K),∀T ∈ 2N . (5)

while a capacity µ on N is said to be 2-additive if it satisfies the following two
conditions:

• For all subset T of N such that |T | > 2, mµ(T ) = 0;
• There exists a subset B of N such that |B| = 2 and mµ(B) 6= 0.

Given a capacity µ and its Möbius transform mµ, we adopt, in the sequel,
the notations µi := µ({i}), µij := µ({i, j}), mµ

i := mµ({i}), mµ
ij := mµ({i, j}),

for all i, j ∈ N , i 6= j. Whenever we use i and j together, it always means that
they are different.

For an alternative x := (x1, ..., xn) of X, the 2-additive Choquet integral of
x is expressed as follows [6]:

Cµ(u1(x1), . . . , un(xn)) =

n∑
i=1

φµi ui(xi)−
1

2

∑
{i,j}⊆N

Iµij |ui(xi)− uj(xj)| (6)

where

• For all i ∈ N , ui : Xi → R+ is a marginal utility function associated to the
attribute Xi;

• Iµij = µij − µi − µj is the interaction index between the two criteria i and j
[5, 12];

• φµi =
∑

K⊆N\i

(n− |K| − 1)!|K|!
n!

(µ(K ∪ i) − µ(K)) = µi +
1

2

∑
j∈N,j 6=i

Iµij is

defined as the importance of criterion i and it corresponds to the Shapley
value of i w.r.t. µ [16].

Equation (6) is equivalent to the following Equation (7), related to the coeffi-
cients of the Möbius transform of µ:

Cµ(u1(x1), . . . , un(xn)) =
∑
i∈N

mµ
i ui(xi) +

∑
i,j∈N

mµ({i, j}) min(ui(xi), uj(xj))

(7)
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The interaction index Iµij = mµ({i, j}) = µij − µi − µj is usually interpreted
as follows:

• A positive interaction index (Iµij > 0) indicates complementarity between
criteria. This implies that the combined effect of two criteria is greater than
the sum of their individual effects. In other words, having high values in
both criteria leads to a greater overall score than one would expect by simply
adding their individual contributions.

For instance, the criteria LEI and EI may have a positive interaction. Indeed
a high education paired with strong healthcare systems can lead to a greater
increase in life expectancy than the sum of the benefits from each alone.
• A negative interaction index (Iµij < 0) suggests substitutability between

criteria. This signifies that the combined effect of two criteria is less than the
sum of their individual effects. In simpler terms, having a high value in one
dimension can partially compensate for a lower value in another criterion,
leading to an overall score that is not as negatively impacted as one might
expect.

In the context of HDI, the criteria EI and II could interact negatively. Indeed,
a strong economy might partially offset the negative effects of low education
levels on certain aspects of human development.
• A null interaction index (Iµij = 0) implies that the criteria are independent,

meaning their combined effect is simply the sum of their individual effects.

In general, the interpretation of Iµij depends on the specific context and the
values assigned to the capacity µ. Therefore, to better interpret such index and
then have robust interpretations, the following notion of possible and necessary
interactions have been recently introduced in MCDA, especially in preference
modeling [8, 11].

3.2 Necessary and possible interactions

Let us assume that the DM is able to express his preferences on X through
a strict preference relation P and an indifference relation I on X. The pref-
erence information {P, I} is an ordinal information which is representable by a
2-additive Choquet integral if there exists a capacity µ such that for all x, y ∈ X,{

x P y =⇒ Cµ(u1(x1), . . . , un(xn)) > Cµ(u1(y1), . . . , un(yn))
x I y =⇒ Cµ(u1(x1), . . . , un(xn)) = Cµ(u1(y1), . . . , un(yn))

(8)

Let us consider Cpref the set of all capacities µ such that a preference in-
formation {P, I} is representable by a 2-additive Choquet integral Cµ. Let be
i, j ∈ N , i 6= j, two criteria.

1. There exists a possible positive (respectively, null, negative) interaction be-
tween i and j if there exists a capacity µ ∈ Cpref such that Iµij > 0 (respec-
tively, Iµij = 0, Iµij < 0).
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2. There exists a necessary positive (respectively, null, negative) interaction
between i and j if Iµij > 0 (respectively, Iµij = 0, Iµij < 0) for all capacities
µ ∈ Cpref .

Many characterizations related to the existence of necessary and possible in-
teractions can be founded in [8, 11]. We just give here a result about the null
interaction, since we need it in the next section.

Proposition 1 Let {P, I} a preference information on X representable by a
2-additive Choquet integral.

If I = ∅ then there is no necessary null interactions.

Proof. See [11], Proposition 1, Page 4. This proof is constructive, i.e., it provides
a way to elaborate from a null interaction Iµij = 0, another 2-additive Choquet
integral model Cν where this Iνij > 0.

This result shows that if there exists a representation of a strict preference P by
Cµ such that Iµij = 0, then it is always possible to get another representation of
P such that Iµij 6= 0 (in fact Iµij > 0). In particular, it is true if P is a linear order
on the set of alternatives (a ranking with no ties), like a linear order induced by
a ranking of the countries given by the HDI.

4 Our results

4.1 An additive model equivalent to the HDI

Let x be a country evaluated on the three criteria LEI, EI and II. As described
in Section 2, the values LEI(x), EI(x) and II(x) belong to [0, 1]. Since we will
use the logarithmic function in the rest of the paper, w.l.o.g., we can assume
all these three values belong to ]0, 1] as the HDI value of any country is never
equals to zero.

Let us define the aggregation function H̃DI assigning to x a global score

H̃DI(x) as follows:

H̃DI(x) =
ln(1000× LEI(x))

3
+

ln(1000× EI(x))

3
+

ln(1000× II(x))

3
(9)

It is clear that H̃DI is an additive value function of three criteria, where the
marginal utility function associated to the criteria i ∈ {LEI,EI, II}, is given

by x → ln(1000 × x). Therefore the aggregation function H̃DI satisfies the
preferential independence axiom [2–4], i.e., the criteria LEI, EI and II are
independent2. Proposition 2 below provides a link between the two aggregation

functions HDI and H̃DI:

2 An attribute is preferentially independent from all other attributes when changes in
the rank ordering of preferences of other attributes does not change the preference
order of the attribute.
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Proposition 2 Given two countries x and y, we have

HDI(x) > HDI(y)⇐⇒ H̃DI(x) > H̃DI(y) (10)

HDI(x) = HDI(y)⇐⇒ H̃DI(x) = H̃DI(y) (11)

In other words, the rankings of the countries, obtained by HDI and H̃DI, are
identical.

Proof. The proof is based on the fact ln is an increasing function, i.e., ∀a, b ∈
]0, 1], a > b⇔ ln(a) > ln(b) and a = b⇔ ln(a) = ln(b).

Let x, y be two countries. We have:

HDI(x) > HDI(y)
⇔ (LEI(x)× EI(x)× II(x))1/3 > (LEI(y)× EI(y)× II(y))1/3

⇔ 1000× (LEI(x)× EI(x)× II(x))1/3 > 1000× (LEI(y)× EI(y)× II(y))1/3

⇔
∑

i∈{LEI,EI,II}

ln(1000× i(x)) >
∑

i∈{LEI,EI,II}

ln(1000× i(y))

⇔ H̃DI(x) > H̃DI(y)

The same reasoning is applied to HDI(x) = HDI(y)⇐⇒ H̃DI(x) = H̃DI(y).

Figure 2 illustrates the rankings of the countries obtained from HDI and

H̃DI, given the evaluations of the twenty countries of Figure 1.

Fig. 2. The rankings of HDI and H̃DI obtained by using data given in Figure 1

Remark 1
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• Due to some drawbacks given above (see Section 2), for instance the lim-
itation about the fully compensation between the three dimensions, the old
formula of the HDI (arithmetic mean) was changed into the geometric mean.
Since we proved here that this latter is still equivalent to an arithmetic mean
(by using an appropriate normalization), we think that the previous limita-
tions remain valid in this geometric mean model.

• In fact, H̃DI = φ(HDI) with strictly monotonous φ, which implies they lead
to the same ranking.

In the next section, we show that the positive or negative interactions among the
HDI dimensions are never necessary, when the obtained HDI ranking is modeled
by a 2-additive Choquet integral .

4.2 About the possible and necessary interactions among the HDI
dimensions

Let us denoted by R(HDI) the linear order induced by the ranking of countries
given by the HDI. In this case, the countries with the same HDI value are

considered as a single country. The rankings of HDI and H̃DI being identical,

we will also have R(HDI) and R(H̃DI) identical . Therefore each of these linear
orders of the evaluated countries could be assimilated to a strict preference
information.

Proposition 3 It is always possible to represent R(HDI) by a 2-additive Cho-
quet integral Cµ model with non null interactions.

Proof. This result is a consequence of the Proposition 1. Indeed, one can notice
that R(HDI) is a strict preference information obtained from an additive model

H̃DI, i.e., a 2-additive Choquet integral model where there is no interaction
(Iµij = 0, for i, j ∈ {LEI,EI, II}). In this case, such null interactions are not
necessary, i.e., it is possible to represent R(HDI) by using a 2-additive Choquet
integral where all the interaction indices are not null. This leads to have two
representations of the same ranking, one with a null interaction Iµij = 0 and the
other one with non null interaction Iνij 6= 0. Hence, such interactions are never
necessary. They can only be interpreted in a possible way.

Example 2 In order to illustrate the previous result and to show how to build a

2-additive capacity from the additive model H̃DI, we adopt the procedure given
in the original proof of Proposition 1 (See [11], Proposition 1, Page 4.). We
consider the data of the twenty countries given in Figure 2.

If we set, for our convenience, 1 := LEI, 2 := EI and 3 := II, then the

additive capacity µ associated to the H̃DI, of these twenty countries, is µ1 =
µ2 = µ3 = 1/3, µ12 = µ13 = µ23 = 2/3. We can notice that Iµij = 0 for all
i, j ∈ {1, 2, 3}. The following steps allow us to compute a model Cν such that
Iν12 > 0:
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(i) Compute α the smallest difference between the value of H̃DI for two con-
secutive countries in the given ranking. We get α = 0.0000940330483656382.

(ii) For each country x, determine kx12 = min(LEI(x), EI(x)), LEI(x) and

EI(x) being the marginal utility functions used in H̃DI.

(iii) Determine k12 = minx(kx12). We get k12 = 5.57523048923919.

(iv) Determine a value ε > 0 such that ε×k12 < α and set Iν12 = ν12−ν1−ν2 = ε.
We choose ε = 0.000015

(v) Using an appropriate normalization, build a 2-additive capacity ν that has
the same Möbius transform as µ, but has Iν12 = ν12 − ν1 − ν2 = ε. We get
ν1 = µ1/(1 + ε) = ν2 = ν3 = 0.333328333408332, ν12 = ε + ν1 + ν2 =
0.666671667 and ν13 = ν23 = 0.666656666816664.

(vi) The ranking of the twenty countries based on Cν , with Iν12 > 0 is given in
Figure 3.

Fig. 3. The rankings of HDI obtained by using the 2-additive capacity ν

We conclude that a representation of a HDI ranking by a 2-additive Choquet
integral model, with non null interactions, always exists, even if it is proved that

the criteria LEI,EI and II are independent since H̃DI is an additive model.
Therefore the interpretation of these interactions is not robust and should be in
caution. Clearly, in this context, the following equivalence is false :

Iµij 6= 0, for i, j ∈ {LEI,EI, II} ⇐⇒ i, j are not independent
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5 Conclusion

We showed that the 2-additive Choquet integral presents a promising approach
for analyzing the interactions between the dimensions of the HDI, especially
when we need to explain the ranking of the countries provided by this composite
indicator. But the interpretation of these interactions is limited, since they are
never necessary, i.e., their sign strongly depends on the values of the capacity.

In the future work, we will investigate how to elaborate a 2-additive Choquet
integral model for HDI incorporating necessary interactions between the pairs of
the dimensions. An idea could be to ask a preference information from a set of
binary alternatives (fictitious countries with only 0-1 values in each criterion).
As these alternatives are directly related to the interaction index, they could be
useful to obtain a new HDI model allowing to have robust interpretations of the
interactions.
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