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Abstract. The study of functional equations involving fuzzy logic con-
nectives, especially fuzzy implications, has found immense utility both in
the advancement of theory and applications. In this work, we discuss the
pseudo-homogeneity functional equation involving fuzzy implications. An
interesting outcome of this work is a novel sufficient condition on the
triple (S, Tp, N) such that the QL-operation obtained from it is also a
QL-implication.
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1 The Pseudo-Homogeneity Functional Equation

The study of functional equations involving fuzzy logic connectives (FLCs) has
long been a topic of importance and utility. Depending on the class of FLCs
considered, one has a plethora of such equations to study from.

One such functional equation that has been studied for the class of associative
and/or commutative FLCs is that of Homogeneity, viz.,

F(A’z7)\.y):A.F(x’y) Y I?:y?)\e [071] ) (Hom)

and its various generalisations, viz., pseudo- or quasi-homogeneity, see for in-
stance the works of [2}/6] dealing with t-norms and t-conorms, and [5] on overlap
functions. While many of these works are largely theoretical in nature, the work
of Lima et al. [4] dealing with the pseudo-homogeneity of t-subnorms does offer
potential applications in multi-expert decision-making problems.

A study of the homogeneity functional equation involving fuzzy implications
has not been done. This is because the properties of a fuzzy implication force A
to be equal to 1 and hence (Homl) is no more interesting.

However, fuzzy implications are amenable towards a generalised form of ho-
mogeneity, termed pseudo-homogeneity in the literature, defined as given below.

Definition 1. Let I be a fuzzy implication, and let F : [0,1]*> — [0,1]. Then I
is said to satisfy pseudo-homogeneity with respect to F, if

for any A\, x,y € [0,1].
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1.1 A Quick Outline

In this work, we study the above functional equation . Following a brief sec-
tion presenting the required preliminaries, in Section [3] we present our nascent
results on the pseudo-homogeneity functional equation involving fuzzy implica-
tions. In Section [} we characterise fuzzy implications satisfying the neutrality
property that are self pseudo-homogeneous, and in Section 5| we present some
sufficient conditions under which a fuzzy implication is pseudo-homogeneous
with respect to another fuzzy implication. An interesting outcome of this study
is a novel sufficient condition on the triple (7p, .S, N), where Tp is the product t-
norm, S is any t-conorm, and N is a continuous negation, under which I(r, s n)
is a fuzzy implication. Finally, we present some concluding remarks.

2 Preliminaries

In this section, we define fuzzy negation and fuzzy implication and take a look
at some of their examples. We also define certain families of fuzzy implications.
For definitions of t-norm and t-conorm, we refer the readers to [3].

Definition 2. A function N : [0,1] — [0, 1] is said to be a fuzzy negation if for
any x1,x2 € [0,1],

(i) x1 <x9 = N(x2) > N(x1), i.e., N is decreasing.
(i1) N(0) =1, and N(1) = 0.

Some fuzzy negations are listed in the following example.

Ezample 1. (i) Neo(z) =1 — z is a continuous fuzzy negation.

0, ifzxz=1

(ii) Ni(z) =14~ BET 0 s the largest fuzzy negation.
1, else.
1, ifx=0,

(iii) No(z) =< ne is the least fuzzy negation.
0, else.

Definition 3. [1] A function I :[0,1]* — [0,1] is said to be a fuzzy implica-
tion if the following properties hold for any x1,xs,y1,y2, T,y € X:

(i) o1 <xzy = I(x2,y) < I(x1,Y), i.e., I(-,y) is decreasing.
(i) y1 <yo = I(xz,y1) < I(z,y2), i.e., I(x,-) is increasing.
(iii) 1(0,0) =1, I(1,1) = 1, and I(1,0) = 0.

We shall denote the set of all fuzzy implications by 1.

A few basic examples of fuzzy implications can be seen in Table [I]

Remark 1. Note that given a fuzzy implication I, Ny : [0,1] — [0, 1] defined as
Ni(z) = I(z,0) is a fuzzy negation.
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Table 1. Some examples of fuzzy implications

Name Formula
Lukasiewicz Ik (z,y) = min(1,1 — z 4+ y)
1, ifr<1,
Weber IWB(:E,y) = ne
y, else.

Reichenbach|Irc(z,y) =1 —x + zy

1, ifzx<
Rescher Irs(z,y) =<’ nE=Ys
0, else.
0, if (z,y)=(1,0),
. o) (e.9) = (1,0)
1, else.
1, fe=00ry=1,
Io Io(z,y) = Y
0, else.

Definition 4. A fuzzy implication I is said to satisfy the neutrality property if
I(1,z) = =, x € 10,1]. (NP)

In literature, various classes of fuzzy implications have been defined. Two
classes, (S, N)- and QL implications, are defined below.

(S, N)-implications are a generalisation of the material implication of classi-
cal logic to the setting of fuzzy logic and are defined as follows.

Definition 5. An I € 1 is called an (S, N )-implication, denoted Is v, if there
exist a t-conorm S, and a fuzzy negation N such that,

IS,N(x’y) = S(N(Z‘),y) ’ T,y € [07 1] .

QL-implications are obtained as a generalisation of the following implication
employed in quantum logic, viz., p = ¢ = —pV (p A q), to the setting of fuzzy
logic.

Definition 6. An I € I is called a QL-implication, denoted It s n, if there
exist a t-norm T, a t-conorm S, and a fuzzy negation N such that

IT,S,N(xvy) = S(N(I),T(l‘,y)) ’ T,y € [07 1] .

3 Pseudo-Homogeneity: Some Necessary Conditions

We begin by showing certain examples of fuzzy implications that satisty (PH)).

Ezample 2. (i) The Lukasiewicz implication Ik satisfies (PH)) with Reichen-
bach implication Irc.
(ii) The Weber implication Iwg, and I satisfy (PH)) with themselves.
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(iii) Consider the Gédel implication

—_

if z <y,

Iep(z,y) =< " )
GD( y) {yv if x> Y.
Then Igp satisfies (PH) with

1

x-y, else.

)

ify=1orz=0,

Fap(z,y) = {

We now discuss some necessary conditions on F' for a fuzzy implication I to

satisfy (PHJ) with it.

Lemma 1. Let I be a fuzzy implication and F : [0,1]> — [0,1] be such that
(I, F) satisfies (PH|). Then

(i) F(0,a) =1, o € Ran(I), where Ran(I) denotes the range of I.

(1)) F(\,1)=1, A€ 0,1] .

Proof. (i) For any z,y € [0,1], 1 = 1(0,0) = I(0- 2,0 - y) = F(0, I(x,y)). Thus,
F(0,a) =1 for all @ € Ran(I) .
(ii) For any A € [0,1], F(A\, 1) = F(A\,1(0,0)) =I(A-0,X-0)=1(0,0) =1.

Remark 2. (i) Notice that F(0, ) need not be 1 for all a € [0,1]. Consider for
instance the Rescher implication Irg and let

1, if y=1or (z,y) € ({0} x [0,1]\ 5) U ({1} x {3}),
F(z,y) = {0, if (z,y) € (0,1] x {0},
1—y, else.

It can be verified that (Irs, F') satisfies pseudo-homogeneity and F(0, 1) =
1#£1L

(ii) Note that F in the example above is neither increasing nor decreasing in
both the variables. Thus, F' need not satisfy any monotonicity condition in
any variable.

(iii) Note that Irs satisfies pseudo-homogeneity with itself as well, i.e., it is
self pseudo-homogeneous. Thus, for a pseudo-homogeneous I, there may not
exist a unique F such that (I, F') satisfies (PH)).

Theorem 1. If a fuzzy implication I satisfies (NP)), and F : [0,1]*> — [0,1] be
such that (I, F) satisfies (PHJ), then

(i) F is unique, and F(x,y) = I(z,z - y).
(i) F is continuous if and only if I is continuous.
(iii) F is commutative in the open unit square (0,1)2 if and only if for all x,y €
0,1), I(z,z-y) = I(y,zy) .

Proof. (i) F(z,y)=F(z,I(1,y))=I(x-1,z-y) =I(x,z-y) .
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(ii) From (i) it follows that if I is continuous, F is continuous. Suppose, F' is
continuous. Define A = {(z,y) |z <y}, and B = {(z,y) |z >y} . Then I is
continuous on A since I(z,y) = 1 whenever = < y. Furthermore, I(z,y) =
F(z,%) whenever x > y. Thus I is continuous on B. Thus, to prove that I
is continuous, we only need to check the continuity of I on the diagonal. Let
x € [0,1], and (yn)nen be a sequence in [0, x) such that y, — x, where N is
the set of natural numbers. Then

lim I(z,y,) = lim F(z, y—n):F(x, lim %) = F(z,1) =1 = I(z, 7).

Yn—1T Yn—T x Yn—T T

It follows that I is continuous on the diagonal.
(iii) For any z,y € (0,1),
Ha,z-y)=I(y,z-y) < Iz -1z y)=1I(y- -1,y x)
— I(z-l,z-y)=1(y-L,y-x)
= F(z,I1(1,y)) = F(y.I1(1,2))
> F(a,y) = F(y,2)

Ezxzample 8. Consider the Godel implication Igp, mentioned in Example iii).
Then Igp satisfies (PH]) with Fgp which is commutative in (0,1)2. Clearly,
Igp(z,z-y)=z-y=Iep(y,y ), since z - y < min(z,y) for all z,y € (0,1).

In the following result, we take a look at a necessary condition on I, given
(I, F) satisfies (PH) for some F : [0,1]%> — [0, 1].

Lemma 2. Let I be a fuzzy implication and F : [0,1] — [0, 1] be such that (I, F)
satisfies (PH)). Then x <y implies I(x,y) =1 for all x,y € [0, 1].

Proof. Let x,y € [0, 1] be such that < y. Then
x x

Remark 3. Note that the converse of Lemma [2] may not be true. Consider for
instance the Fodor implication

Ien (2,9) 1, if x <y,

x’ = .
FOLEY max(l —z,y), ifz>y.
Igp is not pseudo-homogeneous with respect to any F : [0,1]2 — [0, 1] since if
there did exist such an F, then from Theorem [[{i) we have F(z,y) = Irp(z, zy) =
max(1 — z,zy) . Consequently,

11 1 1 1
08 = Irp(0.2,0.15) = Irp(5:0.4, 5-0.3) = F(5, Irp(0-4,03)) = F(3,0.6) = 5.

which leads to a contradiction.
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4 Self Pseudo-Homogeneity of Fuzzy Implications

In Example ii), Weber implication and I; are pseudo-homogeneous with re-
spect to themselves. We shall call such implications self pseudo-homogeneous
implications. These examples lead to the following question:

— Under what conditions is a fuzzy implication pseudo-homogeneous with re-
spect to itself?

In this section, we answer this question. In the following result, we characterise
self pseudo-homogeneous fuzzy implications satisfying the neutrality property.

Theorem 2. If a fuzzy implication I satisfies (NP)), then the following are equiv-
alent.

(i) T is self pseudo-homogeneous.

I ; 0
(i1) I(z,y) = wa(7.9). ify> ", where N = Ny or Ny .
N(z), else.

Proof. Tt can be easily verified that (ii) implies (i). To prove the other way
around, we begin by assuming that I is self-pseudo-homogeneous. By Lemma
we know that whenever z < y, I(z,y) = 1. By Theorem [I|(i), we have I(z,y) =
I(x,zy). Now,

w>y = I(zy) =1 Lo L) = 1,11, 2) = 1(2, %),
x x x
Thus, if 2 >y and < £, we have I(z, %) = I(z,y) = 1. Also,
I(z,y) = I(z,zy) = I(z,2%y) = ... = I(2,2"y) = ...

which implies I(z,z) = 1 for all 0 < z < z. Thus, to complete the proof, we only
need to check how I(x,y) behaves when y = 0.

Since [ is a fuzzy implication, I(z,0) = N(z) where N : [0,1] — [0,1] is a
fuzzy negation. Now,

NO-2) =I(A-2,0) = I(A-2,A-0) = I(\, I(2,0)) = I(\, N(z)).

If N(z) > 0, by the nature of I, we get N(A-xz) = 1 for all A < 1. Thus, if
N(z) >0, N(y)=1forall y < x.

Suppose 1 > N(xg) = a > 0. Then N(y) = 0 for y > x¢ since if N(y) > 0, that
would imply N(xg) = 1, which is a contradiction. Now, there exist A,z € (0,1)
such that A\,x > xg and A - = z(. Thus,

N(zo) = N(A-z) = I(\, N(z)) = I(),0) = N(\) = 0.

This leads to a contradiction since N(zg) = a > 0 . Thus N only takes values
from {0,1}.
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Let to = sup{t € [0,1] | N(¢) = 1}. Suppose 0 < tg < 1. Let ¢/, tx € [0, 1] such
that
tot! <tx <ty <t <1.
Thus N(t') = 0. Furthermore, tx = tt—’,‘ ' = X-t/, where A = tt—f > tg. Thus,

0=NM) =I(\0)=I\NE)=N\-t') = N(tx) = 1,

which is absurd. Hence, tg = 1 or tg = 0.
I , ify>0,
Thus, I(z,0) = N1 () or I(z,0) = No(x). Thus, I(z,y) = 4 - WB@Y): ity
N(z), else.

where N = Ny or Nj.

5 Fuzzy Implications pseudo-homogeneous with respect
to other fuzzy implications

In Example (i), the Lukasiewicz implication is pseudo-homogeneous with re-
spect to another fuzzy implication, namely the Reichenbach implication. The
example leads us to the following question:

— Under what conditions is a fuzzy implication pseudo-homogeneous with re-
spect to another fuzzy implication?

In this section, we present a partial answer to this question. In the following
result, we present certain sufficient conditions under which a fuzzy implication
is pseudo-homogeneous with respect to another fuzzy implication.

Theorem 3. Let I be a fuzzy implication satisfying (NP)) such that Ny is con-
tinuous and F : [0,1] — [0,1] be such that (I, F) satisfies (PH). Then F is a
fuzzy implication.

Proof. Since Ny is continuous, it is onto. Furthermore,
Ni(A-z)=I(\-2,\-0) = F(\, I(z,0)) = F(\, Nr(x)).
Thus, for any b € [0, 1], there exists ¢ € [0, 1] such that N;(¢) = b, and F(a,b) =
F(a,N;(c)) = Ni(ac). Now,
a1 <ay = a;-c<as-c
= Njy(ay -¢) > Ny(az - ¢)
- F(al, b) > F(ag, b)
Thus F is decreasing in the first variable. Now let by, b, ¢1,¢2 € [0,1] such that
N[(bl) =C1, and N[(bg) = C9 .
by <by = c12>c
= a-c1>a-Cy
= Ny(a-c1) < Ny(a-co)
— F(a, bl) < F(CLQ, b)
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Thus F' is increasing in the second variable.
By Lemma [I} we can infer that F(1,1) = 1 = F(0,0), and F(1,0) =
F(1,1(1,0)) =1I(1-1,1-0) = I(1,0) =0. Thus, F' is a fuzzy implication.

Remark 4. Note that the converse of the above theorem need not be true, i.e.
if I is a fuzzy implication satisfying such that Ny is continuous, and F :
[0,1]2 — [0, 1] defined as F(x,y) = I(x,z - y) is a fuzzy implication, then (I, F')
need not satisfy .

Y, ifx=1,
Consider for instance Ipp(z,y) =¢1—=z, ify=0,
1, else.

It can be verified that Ipp(z,2y) = Ipp(z,y). However, Ipp doesn’t satisfy

(PH)) with itself as
0.7=Ipp(0.5-0.6,0.5-0) # Ipp (0.5, Ipp(0.6,0)) = Ipp(0.5,0.4) = 1.

Corollary 1. Let S be a t-conorm, and N be a continuous fuzzy negation such
that Is n satisfies (PH) with some F. Then Ity s n is a QL-implication.

Remark 5. (i) The Fodor implication Igp given in Remark [3| is an (Spm, Ne¢)
implication. However, since I(1y, 5,4, Nc) s not a QL implication, from Corol-
lary [[] we can say that Irp is not a pseudo-homogeneous fuzzy implication.

(ii) Note that the converse of the above corollary need not be true. Consider
again for instance Ipp. While it is a QL implication, it is also the corre-
sponding (S, N) implication. However, it does not satisfy .

6 Concluding Remarks

In this work, we studied the pseudo-homogeneity functional equation for fuzzy
implications. We offered necessary conditions under which an implication satis-
fies pseudo-homogeneity. Furthermore, we characterised fuzzy implications which
are pseudo-homogeneous with respect to themselves or other fuzzy implications.
Interestingly, we see that pseudo-homogeneity of an (S, N) implication, where
N is continuous, is a sufficient condition on the triple (S,Tp, N) for the QL-
operation obtained from it to be a QL-implication.
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