Generating uninorms on a bounded lattice L based on
uninorms on a sublattice of L

Giil Deniz Cay11[000070002779 18—9752]

Department of Mathematics, Faculty of Science, Karadeniz Technical University,
61080 Trabzon, Turkey
guldeniz.cayli@ktu.edu.tr

Abstract. In this paper, we introduce two approaches for getting new classes of
uninorms on bounded lattices using the indicated uninorm on a sublattice [0, ]
(or [t,1]) of a bounded lattice L with a neutral element e € ]0,[ (or e € J¢t,1]). As
a by-product, these tools encompass the construction methods proposed by Cayli
(2018). Moreover, we provide some examples to assess the differences between
our methods and the existing approaches.
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1 Introduction

Schweizer and Sklar [34] introduced the notion of triangular norms (t-norms, for short)
in their present form based on some ideas of Menger [27] devoted to generalizing the
triangle inequality in metric spaces to probabilistic metrics spaces. The dual notion of a
t-norm is a triangular conorm (t-conorm, for short) introduced in [34]. These operators
play substantial roles in many fields, such as fuzzy systems modeling, fuzzy logic, fuzzy
set theory, probabilistic metric spaces, decision-making, approximate reasoning, and
information aggregation [1, 2, 16, 23-25, 28].

Uninorms on the unit interval that are important generalizations of t-norms and t-
conorms were introduced by Yager and Rybalov [40]. These operators allow the neutral
element e to locate anywhere in [0, 1]. In particular, a uninorm degenerates to a t-norm
(or t-conorm) when e = 1 (or e = 0). A uninorm with a neutral element e € ]0,1[ is
usually called proper. They have become significant theoretical subjects [13—15, 18]
and indispensable application fields, such as decision-making [39], neural networks
[3], fuzzy system modeling [38], and fuzzy logic, in general [31].

Uninorms on bounded lattices introduced by Karacal and Mesiar [22] have drawn
much attention from researchers. In particular, they showed the existence of a uninorm
on a bounded lattice L with a neutral element e € L\{0, 1} with the underlying t-norms
or t-conorms. Since then, these operators have been investigated in detail on account
of the fact that bounded lattices are more general structures than the unit interval. Bod-
janova and Kalina [6] constructed uninorms on L simultaneously based on t-norms and
t-conorms. Subsequently, Cayli [7, 8] presented some construction methods for uni-
norms on bounded lattices with the help of t-norms and t-conorms under certain addi-
tional assumptions. Several construction approaches for uninorms on bounded lattices
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can be found in the literature, including the ones by using t-norms (or t-conorms) [5, 11,
12,35, 36], closure (or interior) operators [10, 32,42], t-subnorms (or t-superconorms)
[20,21,41], and additive generators [19].

The construction of uninorms on bounded lattices is a compelling issue because
of the complicated structures of bounded lattices compared to the unit interval. Many
existing papers dealing with uninorms on bounded lattices focussed on their generations
based on t-norms or t-conorms. In recent years, Xiu and Zheng [37] have provided
a method for obtaining uninorms via uninorms on a sublattice of a bounded lattice.
Although their way brings a new perspective to discuss the constructions of uninorms
on bounded lattices, these operators have not been characterized precisely yet. In this
paper, we propose new approaches for generating uninorms on a bounded lattice L by
considering the existence of a uninorm on a sublattice of L instead of t-norms and t-
conorms as in many known constructions. Namely, we extend construction methods for
uninorms via t-norms (or t-conorms) to those via uninorms defined on a sublattice of
L. Since uninorms are more general than t-norms and t-conorms, our methods based on
the existence of a uninorm are more effective than those in the literature generated by
t-norms or t-conorms. It is worth noting that some known methods to obtain uninorms
on bounded lattices can be derived from our tools. Hence, our results can be of help to
the enrichment of the class of uninorms on bounded lattices and their characterization.
Furthermore, from the theoretical point of view, our tools are an efficient contribution
to the research subject based on uninorms on sublattices of L.

The remainder of this paper is organized as follows: In Section 2, we recall some
preliminary details about uninorms on bounded lattices. In Section 3, we extend the
fixed uninorm on a sublattice [0, k] (or [¢, 1]) of a bounded lattice L to a new uninorm on
L with a neutral element e € |0, k[ (or e € ]¢, 1]). In this case, our tools present new classes
of uninorms on bounded lattices and generalize the construction methods introduced
in [7]. Some specific examples are also provided to illustrate that new methods differ
from construction methods for uninorms presented in [7, 37]. In the final section, some
concluding remarks are added.

2 Preliminaries

In this section, we recall some basic notions and results related to lattices and uninorms
on bounded lattices.

A lattice [4] is a nonempty set L equipped with a partial order < such that any
two elements x,y € L have a smallest upper bound (called join or supremum), written
as xVy, as well as a greatest lower bound (called meet or infimum), written as x A y.
For x,y € L, the symbol x < y means that x <y and x # y. The elements x and y are
comparable, denoted by x Jf y, if x <y or y < x. Otherwise, they are incomparable, in
this case we use the notation x || y.

In the following, for the elements x,y € L, the set of all elements incomparable with
x is denoted by Iy, i.e., I, = {z € L: z || x}. The set of all elements incomparable with
both x and y is denoted by Iy, i.e., I,y ={z € L:z| xand z || y}. I denotes the set of
all elements that are incomparable with x but comparable with y, i.e., Iy = {z€ L: z || x

and z ff y}
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A lattice (L,<,A,V) is called bounded if it has a bottom element and a top ele-
ment, written as 0 and 1, respectively. Throughout this paper, unless stated otherwise, L
denotes a bounded lattice (L, <,A,V) with the bottom element O and the top element 1.

Let (L, <,A,V) be a lattice, x,y € L and x < y. The subinterval [x,y] of L is defined
such that

[y ={zeL:x<z<y}.

Other subintervals such as [x,y[, ]x,y], and ]x,y[ of L can be defined similarly. Obvi-
ously, ([x,y],<,A,V) is a bounded lattice with the bottom element x and the top element

y.

Definition 1 ([22]). A binary operation U : L X L — L is called a uninorm if, for any
X,y,z € L, it satisfies the following properties:

(i) U (x,2) < U (y,z) for x <y (increasingness);

(ii) U (x,U (y,2)) = U (U (x,y) ,2) (associativity);

(iii) U (x,y) = U (y,x) (commutativity);

(iv) there is an element e € L, called a neutral element of U, such that U (x,e) = x for
all x € L (neutral element).

A uninorm U on L is called idempotent if U (x,x) = x for all x € L. A uninorm U on
L is called conjunctive (resp. disjunctive) if U(0,1) =0 (resp. U(0,1) = 1). Obviously,
at-norm T (resp. t-conorm S) on L is exactly a uninorm U on L with the neutral element
e =1 (resp. e =0) (see [9, 17, 26,29, 30, 33]).

Example 1. (i) The largest t-norm T on [z1,22]? is defined by T (x,y) = x Ay for all
X,y € [z1,22], while the smallest t-norm Tiy on [z1,22]? puts the value of x Ay if 2 € {x,y}
and z; otherwise. Thus, for any t-norm T on [z1,7,]%, there holds Ty < T < Tj.

(ii) The smallest t-conorm Sy on [z1,2>]? is defined by Sy (x,y) = x Vy for all x,y €
[z1,22], while the largest t-conorm Sy on [z1,22]? puts the value x V' y if z; € {x,y} and
7p otherwise. Thus, for any t-conorm S on [z ,12]2, there holds S, < § < Sw.

Proposition 1 ([22]). Let U be a uninorm on L with the neutral element e € L\{0,1}.
Then the following results hold:

(i) U | [0,e]? : [0,e]*> — [0,¢] is a t-norm on [0, e]?.

(i) U | [e,1]* : [e,1)> — [e, 1] is a t-conorm on [e,1]%.

Definition 2 ([41]). Let e € L\{0,1}. Zin denotes the class of all uninorms U on L
with the neutral element e satisfying the following condition:

U(x,y) =y, forall (x,y) € ]e,1] x L\ [e, 1].

Similarly, Upmax denotes the class of all uninorms U on L with the neutral element e
satisfying the following condition:

U(x,y) =y, forall (x,y) € [0,e[ x L\ [0,¢].
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3 Generating uninorms on bounded lattices

Following the construction of uninorms on the unit interval, their definition and con-
struction related to algebraic structures on bounded lattices have become an attractive
research area in recent years. Karagal and Mesiar [22] introduced the concept of uni-
norms on bounded lattices and showed the existence of such uninorms via t-norms or
t-conorms. Recently, Xiu and Zheng [37] described a construction method for uninorms
with the help of a uninorm on a subinterval of a bounded lattice. In this section, we pro-
vide new approaches to obtain uninorms on a bounded lattice L via a uninorm defined on
the subinterval [0, k] (resp. [r,1]) of L with a neutral element e € ]0,k[ (resp. e € ]¢,1])
under some additional assumptions. As a special case, these methods encompass the
constructions of uninorms introduced in [7]. Moreover, we give some illustrative ex-
amples to show that these approaches differ from the ones previously presented in [7,
37].

Theorem 1. Let k € L\{0,1}, U’ : [0,k]* — [0,k] be a uninorm with a neutral element
e €10,k[ and the function Uy, L? — L be given by the formula (1).

U’ (x,y) if (x,y) € [0,k
y lf ()C7y) € [076] X (IkU]k7 1])7
UL (x,y)=q x if (x,y) € (I Uk, 1]) x [0, ], 1)
xVyVkif (x,y) € I x I,
1 otherwise.

(1) If a||b for all a € I, b € I U)e, k] and U’ (x,y) € [0,e] implies x,y € [0,e], then
Uy is a uninorm on L with a neutral element e.

(I) If cVk €k, 1| forall c € Iy and U’ (x,y) € [0,¢] implies x,y € [0,e], then Uy, is
a uninorm on L with a neutral element e if and only if a||b for all a € I, b € I¥ U]e, k].

(III) If there is an element d € I and ¢\ k € |k, 1| for all ¢ € I, then Uy, is a uninorm
on L with a neutral element e if and only if a||b for all a € I, b € I¥U]e, k] and U’ (x,y) €
[0,¢] implies x,y € [0,¢] .

Remark 1. The structure of uninorm Uy : L?> — L in Theorem 1 is shown in Figure 1.

In the following example, we illustrate that the condition that U’ (a,b) € [0, ¢] im-
plies a,b € [0, ] is not necessary for the function Uy, given by the formula (1) to yield a
uninorm on a bounded lattice L.

Example 2. Consider the bounded lattice L; depicted by Hasse diagram in Figure 3
and the function U’ : [0,k]* — [0,k] defined in Table 1. It is easy to see that U’ is
a uninorm on [0,k]* with the neutral element e. In addition, U’ (a,b) € [0,¢] for all
(a,b) €[0,e[x ([e,k] UI¥) . By using the construction approach in Theorem 1, we define
the function Uy, on L; in Table 2. Moreover, it is a uninorm on L; with the neutral
element e.

We should also point out that the condition that a||b for all a € I, b € I U]e, k] is
not necessary for the function Uy, given by the formula (1) to generate a uninorm on a
bounded lattice L. By the following example, we demonstrate this fact.
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Table 4: The uninorm Uy in L,
Table 3: The uninorm U’ on [0, k]

Ur|Ole|plqlk|r|l
U'0le|plqlk 0 [0]0|p|g|k|r|l
0 [0|0|p|g|k e (Ole|plqlk|r]|]
e |0le|plqglk p |p|plk|k|k|1|1
p |p|plklk|k q |q|q|k|k|k|1]|1
q |ql|q|k|klk k |kl|k|k|k|k|[1]1
k |k|k|k|k|k ro|rir(11]11]1

L[| L|1]1{1[1

Example 3. Consider the bounded lattice L, characterized by Hasse diagram in Figure
4 and the uninorm U’ : [0,k]* — [0,k] given as in Table 3. Obviously, p,q < r for the
elements p € I¥, g € Je, k] and r € I,. If applying the construction approach in Theorem
1, the function Uy, on L, is defined by Table 4. We can immediately observe that it is a
uninorm on L, with the neutral element e.

Remark 2. (i) The condition that a||b for all a € I, b € I¥ U]e, k] in Theorem 1 cannot
be omitted, in general. Suppose that there exista € Iy, b € Ié‘ Ule, k] such that b < a. If
aVkelk/1[, we have Uy, (b,a) =1 > aV k = Ug(a,a). So, the function Uy, does not
satisfy the monotonicity.

(i) The condition that U’ (x,y) € [0, e] implies x,y € [0, ¢] in Theorem 1 is indispensable
if L\ ([0,k]U{1}) # 0. Indeed, in the opposite case there exist x € [0,e] UI¥ and y €
Je,k] UI¥ such that U’ (x,y) € [0,e] and for z € ]k, 1] U I; such that z # 1, we obtain
UL (z,UL(y,x)) = UL (z,U’(y,x)) = zand U (UL(z,y),x) = Ur(1,x) = 1. So, the function
Uy, does not satisfy the associativity.

If we put e = k in Theorem 1, then U’ is a t-norm on [0, ¢]. In this case the condition
that U’ (a,b) € [0, e] implies a,b € [0, €] is satisfied. In the following, we have a structure
of a uninorm on L on the basis of Theorem 1, which coincides with the uninorm UeT
introduced in [7, Theorem 2.23].

Corollary 1. Let ¢ € L\{0,1} and T : [0,e]* — [0,e] be a t-norm. Then, the function
UL1 : L2 — L, given by the formula (2), is a uninorm on L with the neutral element e.

T (x,y) if (x,y) €[0,e]?,
y if (x,y) € [0,¢] x (I Ule, 1]),
U (x,y) =14 x if (x,y) € (I U]e, 1]) x[0,e], )
xVyVeif (x,y) €L, X I,
1 otherwise.

If we put e = 0 in Theorem 1, then U’ is a t-conorm on [0,k]. In this case the
condition that U’ (a,b) € [0, €] implies a,b € [0, ] is satisfied. Because if U’ (a,b) =0,
then a = b = 0. In the following, we have a structure of a t-conorm on L on the basis of
Theorem 1.
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Corollary 2. Let k € L\{0,1} such that a||b for all a € I, b €10,k]. If S : [0,k]* — [0, k]
is a t-conorm, then the function UL2 : L? — L, given by the formula (3), is a t-conorm on

L.
S(xy) if (xy) €0,k
v if () € {0} x (kU
V) ={x  if (ny) € (k1]UL) x {0} )
xVyVkif (x,y) € I X I,
1 otherwise.

Example 4. Consider the bounded lattice L3 characterized by Hasse diagram in Figure 5
and the function U’ : [0,k]* — [0, ] defined by Table 5. It is obvious that U/’ is a uninorm
on [0, k]* with the neutral element ¢ such that U’ (a,b) € [0, ¢] implies a,b € [0,¢]. If we
utilize the construction approach in Theorem 1, we obtain the uninorm Uy, on L3 given
as in Table 6.

N
N — S < — =

N\

SO —3 —— =3

Fig. 5: Lattice L3

It should be pointed out that the uninorm Uy, given by the formula (1) in Theorem 1
does not need to coincide with the uninorms introduced in [7, Theorem 2.23] and [37,
Theorem 3.1]. In the following, we give an example to illustrate this fact.

Example 5. We still consider the lattice L3 drawn in Figure 5 and the uninorm U’ on
[0,k]* given in Table 5.
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Table 6: The uninorm Uy, in L3

Table 5: The uninorm U’ on [0, ]
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(i) Based on the construction method in [37, Theorem 3.1], the uninorm Uj on Lj is
shown in Table 7, where the t-superconorm R : [k, 1]* — [k, 1] is defined R(x,y) = xVy
for all x,y € [k, 1]. Obviously, Ur (r,s) = 1 # v = U (r,s) . Therefore, Uy, is different
from U] on L3. Indeed, we observe that regardless of the choice of the t-superconorm
R, uninorms generated by these two methods does not coincide on L3. By the method
in Theorem 1, we have Uy, (r,r) =v, UL (r,s) =1 (i.e, UL (r,s) > Uy (1,7)), while we
obtain U; (r,r) =R (rVk,rvVk) =R (v,v) and U; (r,s) = R(rVk,sVk) = R(v,k) by the
method in [37, Theorem 3.1]. For k < v, by the monotonicity of the t-superconorm R,
R(v,k) <R(v,v),ie., Up(r,s) <Uj(r,r). Hence, there is no such t-superconorm R that
uninorms generated by these two methods coincide on L3.

Table 7: The uninorm U; on L3 Table 8: The uninorm UeT on L3
Ui|0lm|n|ple |s|u|k|l|r|v|] UT'[0]m[n [ple [s]ulk[l [r]v]1
0 (01010 (p|O|s|ul|k|l|r|v|l 0 [0[0|0|p|O|s|ulk|l|r|v|]
m |O|\m|\m|p|\m|s|ulk|l |r|v|] m |0|\m|m|p|m|s|u|k|l|r|v|1l
n [0|mn |p|n |s|ulk|l|r|v|] n |O\m|n |p|n|s|u|k|l|r|v|1
p \plp|p|pp \ululk|l|v|v|l p |plp|p|ulp|1|1|1]|1|v|1|1
e |0|m|n |ple |s|ulk|l|r|v|l e |O\min|ple |s|ulk|l|r|v|1
s |s|s |s |u|s |s|ulk|l|v|v|1 s |s|s|s [1|s [1|1]|T1|1|1|1]1
u |ulu|uulujuuk{l|viv|l w o fufwfw |1 |u | 1111111
k |k|k |k |k|k |klklk[1|v|v|] k |kl|k|k|1|k|1|1|1|1|1|1]1
LoD |11t Lo |l ()
r o |rir|r|virvivivil{v|v|l ro|rir{r|v(r|1{1{1|1{v|1|1
v vy |viviv|v|viv|[lv|v|] v o |viviv|l|v |1]1]|1|1|1]|1|1
111|111 |1|1|1|1{1|1]|1 1 (11|11 |1{1|L|1|1|1}1

(ii) Based on the construction method in [7, Theorem 2.23], the uninorm UeT on Lj
is shown in Table 8 when putting the t-norm T}, : [0,¢]* — [0, e]. Obviously, Uy (p,r) =
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1 #v=U! (p,r). Therefore, Uy, is different from U on L. Indeed, we observe that
regardless of the choice of t-norm 7, uninorms generated by these two methods does
not coincide on L3. By the method in [7, Theorem 2.23], for any elements x,y € I,, we
have U! (x,y) =xVyVe. So, for p,r €I, Ul (p,r)=pVrVve=nv.

Remark 3. Consider the uninorm Uy, : L> — L given by the formula (1) in Theorem 1.
In this case, we have the following statements:
(1) Up is a disjunctive uninorm, i.e., U.(0,1) = 1.
2)Ifk=1,thenU, =U".
(3) UL € nax if and only if U’ € Xpax.
(4) Up is not an idempotent uninorm on L, in general. To be more precise, for any
elements f € I, and g € |k, 1], we obtain Uy (f,f) = fVk+# fand Uy (g,8) =1 # g.
However, we can state that Uy, is an idempotent uninorm on L if and only if ; U]k, 1[=0
and U’ is an idempotent uninorm on [0, ]*.

In the following, by considering the existence of a uninorm on a sublattice [¢, 1] of

a bounded lattice L, we introduce a dual construction of uninorms on L with a neutral
element e € L\{0,1}.

Theorem 2. Let ¢ € L\{0,1}, U" : [t,1]* — [t,1] be a uninorm with a neutral element
e € |t, 1] and the function U™ : L* — L be given by the formula (4).
U" (x,y) if (x,y) € [r,1]?,
y if (x,) € e, 1] x (LU[0,1]),
Ut (xy) = q x if (x,y) € (FU[0,1) x [e, 1], @)
XAyAt if (x,y) €L ><I,,
0 otherwise.

(DIfa|bforallacl, bel Ult,el and U" (x,y) € |e,1] implies x,y € [e, 1], then
UL is a uninorm on L with a neutral element e.

(II) If c At €0,t[ for all ¢ € I, and U" (x,y) € [e, 1] implies x,y € [e,1], then U is
a uninorm on L with a neutral element e if and only if a||b for alla € I,, b € I, U [t e|.

(IIl) If there is an element d € I, and ¢ Nt € ]0,t[ for all ¢ € I, then U" is a uninorm
on L with a neutral element e if and only if a||b foralla € I, b € ILU[t,e[ and U" (x,y) €
[e, 1] implies x,y € [e,1].
Remark 4. The structure of uninorm U” : L?> — L in Theorem 2 is shown in Figure 2.

If we put e = ¢ in Theorem 2, then U” is a t-conorm on [e,1]. In this case the
condition that U” (a,b) € [e,1] implies a,b € [e,1] is satisfied. In the following, we
have a structure of a uninorm on L on the basis of Theorem 2, which coincides with the
uninorm U introduced in [7, Theorem 2.23].

Corollary 3. Let e € L\{0,1} and S : [e,1]* — [e,1] be a t-conorm. Then the function
U 1" : L? — L, given by the formula (5), is a uninorm on L with the neutral element e.

S(xy) if (x,y) € [e, 12,
y (x,y) € [ev 1] X (IgU [O,ED,
Ut (x,y)={ if (x,) € (LeU[0,e]) x [e, 1], 5)

xAyAe lf (x,y) €1, X I,
0 otherwise.
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If we put e = 1 in Theorem 2, then U” is a t-norm on [¢, 1]. In this case the condition
that U” (a,b) € e, 1] implies a,b € [e,1] is satisfied. Because if U” (a,b) = 1, then
a=>b = 1. In the following, we have a structure of a t-norm on L on the basis of Theorem
2.

Corollary 4. Let 1 € L\{0,1} such that a||b foralla € I, b € [t, [ If T : [t,1]* — [1,1]
is a t-norm, then the function UZL : L? — L, given by the formula (6), is a t-norm on L.

T (x,y) if (x,y) €[1,1]%,
y if (x, y)€{1}><([0 t{ul),
Uy (x,y) =4 if (x,y) € ([0,/[UL) x {1}, (6)
x/\y/\tzf(x,y)el,xlt,
0 otherwise.

Remark 5. Consider the uninorm U” : L?> — L given by the formula (4) in Theorem 2.
In this case, we have the following statements:

(1) U" is a conjunctive uninorm, i.e., UX(0,1) = 0.

2)Ift =0, then UL =U".

(3) U € iy if and only if U" € Ui

(4) U is not an idempotent uninorm on L, in general. To be more precise, for any
elements f € I, and g € ]0,7], we obtain UL (f,f) = fAt # fand UL (g,8) =0 # g.
However, we can state that U* is an idempotent uninorm on L if and only if 7, U]0,¢[ = @
and U” is an idempotent uninorm on [r, 1]°.

4 Concluding remarks

Uninorms on bounded lattices have been comprehensively discussed by researchers in a
manner similar to their investigations on the unit interval. In particular, Xiu and Zheng
[37] have recently introduced some methods for getting uninorms via uninorms on a
sublattice of a bounded lattice. In this paper, we have continued to study the subject of
uninorms on bounded lattices from a mathematical point of view. We have presented in
Theorem 1 (resp. Theorem 2) an effective method to build a new family of disjunctive
(resp. conjunctive) uninorms on a bounded lattice L. This method exploits the fixed
uninorm on the sublattice [0,k] (resp. [¢,1]) of L with a neutral element e € |0, k[ (resp.
e € Jt,1]). As a by-product of Theorems 1 and 2, when putting e = k or e = ¢, we
have obtained the uninorms introduced in [7]. We also have proposed two classes of
t-conorms and t-norms on L by taking ¢ = 0 in Theorem 1 and e = 1 in Theorem 2.
Moreover, we have provided Example 5 to illustrate that our construction method for
uninorms differs from those introduced in [7, 37].
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