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Abstract. This article introduces a method to calculate the division of
two interactive positive fuzzy numbers. Specifically, we focus on arith-
metic operations derived from completely correlated fuzzy numbers. Our
study demonstrates that the proposed division yields fuzzy numbers with
smaller widths compared to any other division method for positive fuzzy
numbers, as determined by joint possibility distributions. Furthermore,
we characterize these operations using a-cuts, providing insights into
their behavior across different a-cuts. Furthermore, we establish con-
nections between our proposed division method and existing techniques,
such as the generalized Hukuhara division and the division based on
Zadeh’s extension principle. Finally, we provide illustrative examples to
demonstrate the practical implications of our proposed method.

Keywords: Interactive Fuzzy Numbers - Generalized Hukuhara Divi-
sion- J-division - Completely Correlated Fuzzy Numbers.

1 Introduction

At the heart of fuzzy logic are fuzzy sets and fuzzy numbers that enable the
representation and manipulation of vague or ambiguous information. An essen-
tial aspect of fuzzy logic is the characterization of joint possibility distributions
(JPD) [11], which describe the concurrent attainable states of multiple fuzzy
numbers. The concept of interactivity between fuzzy numbers, originally intro-
duced by Zadeh [23], offers a powerful framework to handle uncertainty in various
domains. These two notions, joint possibility distribution and interactivity, were
later associated in [5,16] in order to understand the interactivity between fuzzy
numbers by describing the simultaneously achievable states of the variables given
by the joint possibility distribution.
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European Union. The research is financially supported by the EU under the RE-
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project No. CZ.10.03.01/00/22.003/0000048 via the Operational Programme Just
Transitions.
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Fuzzy numbers can exhibit different levels of interactivity; in particular, for
the joint possibility distribution defined by a t-norm, the properties of addition,
subtraction, and multiplication of interactive fuzzy numbers have been exten-
sively investigated in the literature [12,15,17,18]. It is well established that in
such cases, the joint possibility distribution is directly and pointwise defined
from the membership values of its marginal possibility distributions by an ag-
gregation operator, such as a t-norm. It is worth noting that the interactivity
relation between fuzzy numbers may be governed by a more general joint possi-
bility distribution that cannot be defined by any aggregation operator.

This paper explores joint possibility distributions based on the complete cor-
relation between fuzzy numbers [5, 16] which represents a significant case of
interactivity in which fuzzy numbers are tightly connected through a linear rela-
tionship. This concept was already studied with respect to applications; for ex-
ample, in [2] the interactivity of fuzzy numbers based on complete correlation was
used to represent the relationship between susceptible and infected individuals
for modeling epidemic spread. In [1], initial values of a fuzzy autonomous system
that solves a predato-pray population model were assumed to be completely cor-
related fuzzy intervals. The interactivity by means of completely correlated fuzzy
numbers was then studied in the context of fuzzy differential equations with in-
teractive parameters and initial conditions in [4]. The authors also discussed the
SI-epidemiological model in two forms: susceptible and infected individuals are
completely correlated, and the transfer rate and initial conditions are completely
correlated.

Although the interactivity based on joint possibility distribution is quite well
researched and basic arithmetic operations such as addition, subtraction, and
multiplication were established, the division of interactive fuzzy numbers lacks
active research, suggesting a gap in understanding this operation’s behavior and
implications. However, the ability to invert addition and multiplication opera-
tions is of great importance in interval and fuzzy analysis. This capability facili-
tates the solution of equations, handling interval and fuzzy differential equations,
and conducting regression analysis effectively. Motivated by the work mentioned
above and the lack of a division principle for interactive fuzzy numbers, we in-
vestigate the joint possibility distribution with respect to the division operation,
which facilitates the extension of interactive fuzzy numbers. This principle ac-
counts for the interactivity between fuzzy numbers, allowing more nuanced and
context-aware calculations in fuzzy logic systems in practical applications, in-
cluding areas like managing financial risks, making decisions based on multiple
criteria [2,24].

We begin by elucidating the definition and properties of JPDs, highlighting
their role in representing the collective uncertainty associated with multiple fuzzy
numbers. In particular, we investigate interactivity based on complete correla-
tion and define the division of complete correlated fuzzy numbers (J.-division)
in order to find alternatives or competitors for current divisions such as general-
ized Hukuhara division (g-division) [25] and division based on Zadeh’s extension
principle. However, the division of interactive fuzzy numbers exhibits more com-
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plex behavior and requires specific approaches for its analysis. In this present
work, we restrict our interest to J.-division of positive fuzzy numbers because
our focus is on the application to difference equations where only positive fuzzy
numbers are considered. Our next work is an extension of the general case and
other applications.

1.1 Fuzzy Notations

In this section, we give only the definition of fuzzy numbers and a-cuts and
refer the other notation and definitions to [3,10,20]. Fuzzy numbers are fuzzy
sets that are normal, fuzzy convex, upper semicontinuous, and do have compact
supports, see the exact definition below.

Definition 1. [3] Consider a fuzzy subset of the real line A : R — [0,1]. Then
A is a fuzzy number if it satisfies the following properties.

(i) A is normal, that is, 3xg € R with A(xzg) =1,
(ii) A is fuzzy convex, that is, A(tx + (1 —t)y) > min{A(x), A(y)}, ¥Vt € [0,1],
z,y € R,
(iii) A is upper semicontinuous on R (that is, Ye > 036 > 0 such that A(x) —
A(xo) < e, |z —x0| <),
(iv) A is compactly supported, that is, {x € R; A(z) > 0} is compact.

Let us denote by Rz fuzzy numbers in R and by RJ}C positive fuzzy numbers in
R. We also present fuzzy sets in R™ by F(R"™).

For 0 < @ <1 and A € Rz, we denote the a-cuts by [4], = {z € R; A(z) >
a} and [A]p = {z € R; A(z) > 0}. We call [A]y, the support of the fuzzy number
A and denote it by supp(A).

1.2 Interactivity

The notion of interactivity was introduced by Zadeh ( [23]), later Fuller, Carlsson,
and Majlender associated this concept with the definition of a joint possibility
distribution [5].

Definition 2. [16] A joint possibility distribution (JPD) of n fuzzy numbers
A1, ... Ay is a fuzzy relation J € F(R™) such that, for every y € R

Ai(y) = \V J(x1,. .. xp). (1)

(Z1,.s@n )i =Y

The fuzzy relation J; given by Ji(x1,...,x,) = A1(x1)tAs(x2)t...t Ay (zy,) corre-
sponds to the joint possibility distribution of Ay, ..., 4,, € Rx based on a t-norm
t. When the t-norm is given by the minimum t-norm J,, we say that the num-
bers are non-interactive. Otherwise, they are interactive (resp. more precisely
J-interactive). Interactivity is a property of variables rather than fuzzy sets. The
JPD describes the simultaneously attainable states of variables, represented by
fuzzy sets. Not every relation of interactivity is based on a t-norm. Carlsson et
al. in [5] proposed a type of interactivity called complete correlation or linear
interactivity (see a recent generalization in [13]).
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Definition 3. [5] Fuzzy numbers are said to be completely correlated, if there
exist q,7 € R, q # 0 such that their JPD is defined by

J(z,y) = A(x)X{qx-H“:y} (z,y) = B(?J)X{qx-&-r:y}(xa Y), (2)

where X {qu4r=y} Stands for the characteristic function of the line {(x,y) € R |
qr +1r =y}

Definition 4. [5] Fuzzy numbers A and B are said to be completely positively
(negatively) correlated if q is positive (negative) in (2).

Another generalization of complete correlation to so called F'-correlation is given
in [26], where the linear correlation is a special case of it. The authors also define
arithmetic operations with F-correlated fuzzy numbers.

1.3 Sup-J Extension Principle

The sup-J extension principle is a generalization of the well-known Zadeh exten-
sion principle.

Definition 5. [5, 14] Let f : R® — R be a continuous function and let J €
F(R™) be a joint possibility distribution of Ay, ..., A, € Re. The sup-J extension
of f to a fuzzy function fy: F(R™) — F(R) is defined by

fr(Ag, ... A (y) = \/ J(x1,.. 0, 2n). (3)

y:f(zl,...,mn)

If fuzzy numbers are non-interactive, then the sup-J extension principle is
Zadeh’s extension principle. In [6], some conditions are presented under which
the sum of interactive and non-interactive fuzzy numbers coincides. Moreover,
in [8], Coroianu and Fuller provided a key condition under which these two ex-
tension principles produce the same result for any continuous function. In [14], a
new method is proposed to calculate the sum and differences of two fuzzy num-
bers. The method is based on the construction of a family of joint possibility
distributions {J,} such that the parameter v represents the degree of interac-
tivity. The higher the value of ~, the smaller the interactivity is. Only for v =1,
it contains the main diagonal. The sup-J extension principle then provides the
arithmetic. Moreover, we have the connection between the proposed subtraction
and the Hukuhara difference, the generalized Hukuhara, and the generalized
differences. Note that Coroianu [8] proved that the Zadeh and sup-J extension
principle produced the same results when the joint possibility distribution under
consideration coincides with J, on a main diagonal. The next theorem provides
a method for computing the a-cuts of the sup-J extension principle and can be
interpreted as a generalization of Nguyen’s theorem [21].

Theorem 1. [5,14] Let f : R™ — R be a continuous function and let J € F(R™)
be a joint possibility distribution of Ay, ..., A, € Rx such that [J], is non-empty
and compact for all a € [0,1]. Then f5(A1,...,Ap) is a fuzzy number, and

[fJ(Ala-“aAn)]oc = f([J]a), Va € [Ov 1]' (4)
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Moreover,

(AL, A = A 1, w), \V flxr,. . x,)

(15020 ) €[]0 (1,..sTn)E[T]a
(5)

As we proceed with the experiments, we will display the outcomes of various
divisions. To make it clearer, we revisit the following definition.

Definition 6. [25] Let A,B,C € Rr and A = [a~,a™], B = [b",b"], C =
[c™,ct]. The g-division is defined as follows

C=B:,A < {(i) (6)

B
(i) A=(B-CY),
where C~1 = [L, L]

For the purpose of our study, we limit our attention to the division of positive
fuzzy numbers.

Remark 1. [19,25] Let A, B € ]R}. IB+;,A=Cc¢ R}} exists, then we have
the following two cases.
Case I: If by a} < bFay for all a € [0,1], then:

b, bt
¢ =2 and cf=-"% (7)
o ac
Case IT: If b al > btra;, for all a € [0,1], then:
bt b,
Ca=—% and ¢l =-2% (8)
aq aa

2 Multiplication and Division of Interactive Fuzzy
Numbers

The concept of interactive fuzzy numbers and their operations is specialized,
and there is no universally agreed-upon standard. However, we provide a general
idea of how to define a division for interactive fuzzy numbers based on the joint
possibility distribution and the sup-J extension principle.

The joint possibility distribution J captures the relationship between the
elements of interactive fuzzy numbers. One way to define the division between
two interactive fuzzy numbers based on the joint possibility distribution is as
follows.

Definition 7. Let A,B € R; and let J € F(R?) be a joint possibility distribu-
tion of A, B. The division % based on J is defined by

gz{zelmEJ:EEA,EyEB,J(m,y)ZJ(x,z)~J(z,y)}. (9)
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The condition J(x,y) > J(x,z) - J(z,y) essentially says that the joint possi-
bility of = and y together should be greater than or equal to the product of the
joint possibilities J(z, z) and J(z,y). In other words, it ensures that the joint
possibility distribution supports the idea that z is a valid result of dividing y by
x. So, the set % includes elements z for which there exist corresponding elements
x in A and y in B such that the joint possibility distribution J is consistent with
the division z = £.

Based on the sup-J extension principle, the interactive product of fuzzy num-
bers can be defined as follows.

Definition 8. [7] Let A,B € Rx and let J € F(R?) be a joint possibility
distribution of A, B. The multiplication A ©®; B with respect to J is defined by

(Ao B)(2) = \/ J(z,y), z€R. (10)

TYy=z

Similarly, we define the interactive division of two positive fuzzy numbers A
and B with respect to their joint possibility distribution J based on the sup-J
extension principle.

Definition 9. Let A,B € R; and let J € F(R?) be a joint possibility distri-
bution of A, B. The division B +; A with respect to J (J-division) is defined
by
(B+jA)(z) = \/ J(z,y), z€R (11)
y/z=2

To define alpha cuts for interactive multiplication and division of two fuzzy
numbers based on a joint possibility distribution, we use the standard definition
of alpha cuts of a fuzzy number and Theorem 1.

The a-cut of a fuzzy number obtained as the interactive product of two fuzzy
numbers that are interactive with respect to a joint possibility distribution is
defined as follows.

Definition 10. Let A, B € Rx and let J € F(R?) be a joint possibility distri-
bution of A, B. The a-cut of multiplication A ®; B is defined by

[A®;Bla={z€R|IxcAyeB:ay==z2 Jx,y) >a}, ac|01]. (12)

We use Theorem 1 and assume a continuous function f : R? — R such that
fo(x,y) = xy. Then, we obtain

[A® Bla = fo([J(A,B)la) = fo({(z,y) €ER?* [z € A,y € B: J(z,y) > a})
(13)
= /\ x-y, \/ z-yl, aecl0,1]. (14)
(z,y)€[J(A,B)]a (z,y)€[J(A,B)]a

In the same way, the a-cut of an interactive division (J-division) of two fuzzy
numbers based on a joint possibility distribution is defined as follows.
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Definition 11. Let A, B € RE and let J € F(R?) be a joint possibility distri-
bution of A, B. The a-cut of the J-division B =+ A is defined by

[B+JA]Q:{ZG]R|EIz€A,y€B:%:z, J(a:,y)za}, ael0,1]. (15)

After applying Theorem 1 and assuming a continuous function f : R? = R
such that f. (z,y) = £, we obtain

(B Ala = f+([J(A,B)la) = f-({(z.y) €R?* |z € Ay € B: J(z,y) > a})

(16)

_ A L \/ Y1 aeo. (17)

(@) €I (AB)a © (2)ElI(A,B)]a

3 J-division of Completely Correlated Fuzzy Numbers

In this section, we investigate the J-division where the joint possibility distribu-
tion J is specified by linear interactivity, i.e., the fuzzy numbers are completely
correlated (see Definition 3), we denote it J.. Let us restrict ourselves to posi-
tively correlated fuzzy numbers (see Definition 4).

Let A,B € RE and let J. € F(R?) be the joint possibility distribution of
A, B defined by (2). For the a-cuts of J. we have

[Jelo = {(z,qz +7) €R* |z = (1 —t)a, +tal,t €[0,1]}, (18)
where
[A]o = [a,,al] and [Blsa =q[Ala+7; ¢, €R,q¢>0, (19)

for any « € [0, 1].
Then for the J.-division with J, defined by (2), we obtain

B+, Al = {L R | Aw) > 0,00+ 7 =y}

1
:cl{q+r$€RA(x)>a}
1
=q+r~cl{ERA(x)>a},
x
that is for all ¢,7 € R, ¢ > 0, and « € [0, 1],

q+r{$7$}, r<0
[B +J, Ala = (20)
qur[ i], r > 0.

[

|-

)

Q-+

a
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If A and B are completely correlated with r = 0, that is, [Blo = ¢[A]a, ¢ > 0,
for all a € [0, 1]. From (20), we have

B+, Ala =q+0x [A];' = {q},

that is B+, A is a fuzzy point.

3.1 Comparison of J.-division with g-division and Zadeh’s division

One of our objectives is to find alternatives or competitors for current divisions
such as g-division (generalized Hukuhara division) and division based on Zadeh’s
extension principle. In this section, we compare the division mentioned for com-
pletely positively correlated fuzzy numbers. Now, let us consider g-division (Def-
inition 6) for two completely positively correlated fuzzy numbers. Let A, B € R}
be completely correlated (Definition 3) and let B <+, A exist. We investigate the
conditions for Case I and Case II in Remark 1. Based on (19), we obtain the
following.

(i) For all ¢, € R, such that ¢ > 0 and r < 0,

i.e., Case I holds for all & € [0,1]. Moreover based on (19) and (20), for
r <0,

T r b, b
B+ Al = [q + —q + a+] = [ai’ 3‘_] =[B+4Aln (Casel),

(o3 aaa

(ii) For all ¢, € R, such that ¢ > 0 and » > 0

=

+ -
a®a
o

i.e., Case II holds for all @ € [0,1]. Moreover based on (19) and (20), for
r >0,

r r bl by
B+, Ala = [q + gl + a} = [iv a} = [B+g Ala (Case II).
which yileds to
[B+4 Ala = [B +, Ala-

If we consider the division B +, A based on Zadeh’s extension principle of
two completely positively correlated fuzzy numbers A, B € R}, we obtain

. qay, +71 qal +r
[BTZA]QZ I

b —
ad o
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for ¢g,r € R, ¢ > 0 and « € [0, 1]. Therefore,
[B+;. Alo C B+, A4]a

for all « € [0, 1].

The comparisons show that for positive fuzzy numbers that are completely
positively correlated, the J.-division coincides with the g-division and has nar-
rower range with respect to the Zadeh’s division.

4 Examples

In this section, we compare the J.-division based on linear interactivity (complete
correlation) with the g-division and division based on Zadeh’s extension principle
in particular examples with respect to different parameters ¢ and r. Our objective
is to apply division operations within difference equations that have application
in the analysis of real-world phenomena, including finance problems, time series
analysis, and population models [9,22].

Ezample 1. Consider A = (1,2,3) and B = (4,6,8) as triangular positive fuzzy
numbers that are completely correlated with parameters ¢ = 2, r = 2, with their
a-cuts defined by [A], = [1 + a,3 — o] and [B]o = [4 + 20,8 — 2a]. Then the
a-cuts for the J.-division [B +;, A], are depicted in Fig. 1 and the a-cuts for
the g-division (Case II) [B +4 A], are illustrated in Fig. 2. For comparison, we
show in both images the a-cuts for the Zadeh’s division [B <+, 4],.

Comparison of of fuzzy numbers A, B, and B + ;A and B + A

6 === AlLower Bound

e L e A Upper Bound

B Lower Bound

B Upper Bound
--- B+ A Lower Bound
..... B+ A Upper Bound
--- B+,A Lower Bound
..... B + ;A Upper Bound

Membership Values

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1. a-cuts for J.-division B +;, A and Zadeh’s division B =+, A(Example 1).

Ezample 2. Let A = (2,3,4) and B = (2,4, 6) be triangular positive fuzzy num-
bers that are completely correlated with parameters ¢ = 2, r = —2, and the «
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Comparison of of fuzzy numbers A, B, and B + ;A and B + jA

=== A Lower Bound
»»»»» A Upper Bound
B Lower Bound
5 B Upper Bound
- -—- B+ 4A Lower Bound
----- B+ 4A Upper Bound
+,A Lower Bound
----- B+ A Upper Bound

Membership Values

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 2. a-cuts for g-division B +4 A and Zadeh’s division B +, A(Example 1).

cuts are given by [A], = [2+ «,4 — a] and [B]y = [2 + 20,6 — 2a]. Then the
a-cuts for the J.-division [B +;, A], are shown in Fig. 3 and the a-cuts for the
g-division (Case I) [B +4 A], are shown in Fig. 4. Both divisions mentioned are
in comparison with the Zadeh’s division.

Comparison of of fuzzy numbers A, B, and B + ;A and B + A

=== AlLower Bound
44444 A Upper Bound

B Lower Bound

B Upper Bound
--- B+ ,A Lower Bound
»»»»» B+,A Upper Bound
--- B+ A Lower Bound
----- B+ ,A Lower Bound

w IS

Membership Values

~

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3. a-cuts for J.-division B +;, A and Zadeh’s division B =+, A (Example 2).

The results of both examples align perfectly with our theoretical discussion, indi-
cating that the g-division agrees with the J.-division for positive fuzzy numbers.
A comparison of the ambiguity of Zadeh’s division with other division methods
exposes a broader uncertainty spectrum linked to Zadeh’s division.
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5

Comparison of of fuzzy numbers A, B, and B + ;A and B + A

=== A lLower Bound
»»»»» A Upper Bound
B Lower Bound
B Upper Bound
~=- B+ 4A Lower Bound
B+ 4A Upper Bound
—-=- B+ A Lower Bound
..... B+ ,A Lower Bound

Membership Values

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 4. a-cuts for g-division B +;, A and Zadeh’s division B +, A (Example 2).

Conclusion

Our study demonstrates that our proposed division method yields fuzzy numbers
with narrower widths compared to other methods, supported by joint possibil-
ity distributions. Furthermore, we establish connections between our method
and existing techniques such as the generalized Hukuhara division and Zadeh’s
extension principle. We provide illustrative examples to highlight the practical
advantages of our approach. Future research on J-division encompassing all cases
of positive and negative fuzzy numbers holds promise for advancing fuzzy logic’s
ability to manage uncertainty and interactivity.
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